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Abstract 

We generalize the results of Fleming and Souganidis JLQ on zero-sum stochastic differential games to the case 
when the controls are unbounded. We do this by proving a dynamic programming principle using a covering 
argument instead of relying on a discrete approximation (which is used along with a comparison principle in 
[18)1. Also, in contrast with [18], we define our pay-off through a doubly reflected backward stochastic differential 
equation. The value function (in the degenerate case of a single controller) is closely related to the second order 
doubly reflected BSDEs. 
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1 Introduction 

In this paper we use doubly reflected backward stochastic differential equations (DRBSDEs) to generate payoffs 
for a zero-sum stochastic differential game introduced by the seminal work of Fleming and Souganidis 18 . In our 
setting, the two players compete by choosing square-integrable controls. 

DRBSDEs were first analyzed by Cvitanic and Karatzas ^13 , who showed that the solution of a DRBSDE 
is the value of a certain Dynkin game, a zero-sum stochastic game of optimal stopping. Then Hamadene et al. 
PPI ?IT\ [231 HH US] added controls into DRBSDEs to study mixed control and stopping games and saddle point 
problems, only when the drift is controlled. Recent advances for Dynkin games and controller and stopper games 
were made by Karatzas et al. [281 [29j |3] , Bayraktar et al. O [71 [2 [4] , by [36] . On the other hand, when there are two 
competing controllers who can also control the diffusion coefficient, there are a lot of technicalities involved as it is 
demonstrated by [18 . In particular, Elliott- Kalton strategies needs to be used for the controller with lower priority. 
Recently Buckdahn and Li [HI [HJ [TU] and Hamadene et al. [IS] made some significant advances to these types of 
games. However, as in [18], they assumed that the control spaces are compact. Also, the analysis in these papers 
is different than [18] and ours in that they work with a uniform canonical space VL — {uj € C([0, T]; R*^) : w(0) = O} 
regardless of the starting time of the game. 

One encounters tremendous technical difficulties when the compactness assumption of the control spaces is 
removed, since the approximation tool of [TB] (also see Fleming and Hernandez Hernandez [T7]) is not applicable 
any longer. There are some exceptions to this rule: Square-integrable controls was considered by Browne [S] for a 
specific zero-sum investment game between two small investors whose controls are in form of their portfolios. The 
PDEs in this special case have smooth solutions, therefore the problem can be solved by relying on a verification 
theorem instead of the dynamic programming principle. In a more general setting. Chapter 6 of Krylov |30] 
considered square-integrable controls. However, the analysis was done only for cooperative games (i.e. the so 
called sup sup case). It is also worth mentioning that inspired by the "tug-of-war" (a discrete-time random 
turn game, see e.g. j37| and |31|). Atar and Budhiraja [1^ studied a zero-sum stochastic differential game with 
U = V = {x e M" : = 1} x [0,oo) played until the state process exits a given domain. The authors showed 
that the value of such a game is the unique viscosity solution to the inhomogenous infinity Laplace equation. 
As in Chapter 6 of [30], they depend on an approximating the game with unbounded controls with a sequence 
of games with bounded controls. They prove a dynamic programming principle for the latter case and prove 
the equicontinuity of the approximating sequence to conclude that the value function is a viscosity solution to the 
infinity Laplace equation. Instead of relying on approximation argument, we directly prove a dynamic programming 
principle for the game with square-integrable controls. 

In this paper, the controls of respective players take values in two separable metric spaces U and V. We follow 
the probabilistic setting of [18] and rely on the existence of the regular conditional probability distributions. When 
the game starts from time t G [0,T], we consider the canonical space n* = {w e C([t,r];R'^) : uj{t) = O}, whose 
coordinator process i?* is a Brownian motion under the Wiener measure Pg. Denote by (resp. V*) the set of all 
U— valued (resp. V— valued) square-integrable process. If player I chooses a G and player II selects a G V* 
as controls, the state process X*'^'''''^ starting from x will evolve according to the following SDE: 

Xs^x + J^ b{r,Xr,fir,'^r)dr + a{r,Xr,fir,i'r)dBl, se[t,T], (1.1) 

where the drift b and the diffusion a are Lipschitz in x and have linear growth in (/i, v). The payoff player I will 
receive from player II is determined by the first component of the solution {Y^'^'t^'^ ^Z^'^'^^'" ^K}'^'^'^ ,K '^'^''^'^ to 
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the following DRBSDE: 



Ys^h{X'^^-^'')+ ( f{r,X'^■^■^■'',Yr,Zr,^ir,lyr)dr+KT-K,-{KT^K,)- f ZrdBl se[t,T], 

J s J s 

< < 7(s,X*^"'^^''), s G [t,T], (1.2) 

T i-T 



with two separate obstacle functions / < 7 satisfying Z(T, •) < h{-) < 1{T,-). When l,h,l,f are all 2/q— Holder 
continuous in x for some q G (1, 2], Y*'^''^''^ is g— integrable by El Asri et al. [15]. As we see from (jl.ip and (|1.2p 
that the controls n and v influence the game in two aspects: either affect (|1.2p via the state process X*'^''''"^ or 
appear directly in the generator / of ()1.2p as parameters. 

We use EUiott-Kalton strategies as in [l^. In this game, one player (e.g. Player I) has priority and chooses 
a control and its opponent (e.g. Player II) will react by selecting a corresponding strategy. We specify Player 
IPs strategy by a measurable mapping (3 : [t, T] x Jl* x U — > V if the game starts from time t. This additional 
specification is to accommodate a particular measurability issue, see Remark l2.2l Under a linear growth condition 
on the ^—variable, /? induces a mapping /3(-) : Z^* — > V* by (/3(^))^(w) = /3(r,w,^r(i^)), V/^eW*, {r,uj) £[t,T]xQ*- , 
which is exactly an Elliott-Kalton strategy. Then wi{t,x) = inf sup y^'^'^'^^^"^ represents Player I's priority 

value of the game starting from time t and state x, where *B* collects all admissible strategies for Player II. Player 
IPs priority value W2{t,x) is defined similarly. 

Although value functions wi(t,x), W2(t,x) are still 2/q— Holder continuous in x, they are no longer 1/q— Holder 
continuous in t as in the case of compact control spaces. Hence we are not able to use the approach of [18] to 
show the dynamic programming principle for wi and W2'-, see Remark l2.2l Instead, we use the continuity of y*'^'^-^ 
in controls (/i, i'), properties of shifted processes (especially shifted SDEs) as well as stability under pasting of 
controls/strategies (as listed below) to prove a dynamic programming principle, say for wi: 

w,{t,x) = inf sup r/'-'^'^^^>(r,,,,u;i(r,,^,X*;-;''-'5<''))) (1.3) 

for any family {t^^^ : ^eZ^*,/3eS*} of Q— valued stopping times. The crucial ingredients of the proof of dynamic 
programming principle ()1.3p are: 

i) When 6, a are A— Holder continuous in \i (or z/) and / is 2A— Holder continuous in \i (or v) for some A G (0, 1), 
applying an a priori estimate ()1.7p for DRBSDEs, we obtain a continuous dependence result for X^'^'^'" and y*-^'^''' 
on control /x (or v\ see Lemma l2. II and Lemma l2.2l This dependence together with two nice topological properties 
of the canonical spaces i7* , namely separability and Lemma 16.31 are crucial in the covering argument which is used 
to construct e optimal strategies starting at any stopping time. 

ii) Let < i < s < T. For any random variable ^ on £7* we define a shifted random variable ^^'''^(w) = ^(w ® w), 
Vw G ri* as a projection of ^ onto fi'* along a give path w of fi*, where w (8)s w is the concatenation of paths w and 
w at time s; see (|4.1I) . Its discrete-time finite-state counterpart is a restriction of a binomial/trinomial tree of asset 
prices to one of its branches. Similarly, one can introduce shifted processes and shifted random fields, in particular, 
shifted controls and shifted strategies. Soner et al. [41] |44] as well as our generalization in Subsection 14.21 & 14.31 
show that these shifted random objects almost surely inherit measurability and integrability. 

In Proposition l4.71 we extend a result of [18^ on shifted forward SDEs: For Pq— a.s. w G O*, the process obtained 
by shifting X^'^'^^'' solves (jl.l|) with parameters (s, X*'^'^'''(aj), /x"'"^, z/^-") on the probability space (fi", Pq ) . 
Similarly, the process obtained by shifting {y^-^^^P-^'' ^z^'"^'^'^ solves (|1.2p with the parameters 
(s,X*'^''^''^(w),/x*'",z^*'") on (ri", J"|,,Pg); see Proposition 14.81 These two propositions are also crucial in demon- 
strating p.3p . 

iii) In constructing the e— optimal strategies above, we use pasting of controls and strategies. Our sets of controls 
and strategies are closed under pasting; see Proposition 14.91 fc 14.101 In the latter proof we show that an additional 
path-continuity of the strategies that we use to prove the dynamic programming principle is also closed under 
pasting. 



On Zero-Sum Stochastic Differential Games 



4 



Next, using the dynamic programming principle, the continuity of Y^'^'^''^ in controls (/i, v) as well as the 
separability of U, V we deduce that the value functions wi and W2 are (discontinuous) viscosity solutions of the 
corresponding obstacle problem of fully non-linear PDEs, see Theorem 13. II 

When V becomes a singleton, the zero-sum stochastic differential game degenerates into a classical stochastic 
control problem including only one player. In particular, when U = {all symmetric d— dimensional matrices}, 
b{t,x,u) ~ b{t,x) and a(t,x,u) — u, the value function w of the optimization problem coincides with that of the 
second-order DRBSDEs and is related to the one in Nutz [33] via a probability transformation of strong form 
(|5.12|) . Motivated by applications in financial mathematics and probabilistic numerical methods, Cheridito et al. 
[I2] introduced second-order BSDEs. Later, Soner et al. |44] refined this notion and Soner et al. |42j related it to 
G— expectations of Peng Quite recently Matoussi et al. [35] analyzed the second order reflected BSDEs. 

The rest of the paper is organized as follows: After listing the notations used, we present two basic properties of 
DRBSDEs in Section [TJ In Section [5J we set up the zero-sum stochastic differential games based on DRBSDEs and 
present a dynamic programming principle in Theorem 12. 1[ for priority values of both players defined via Elliott- 
Kalton strategies. Using the dynamic programming principle, we show in Section |3] that the priority values are 
(discontinuous) viscosity solutions of the corresponding obstacle problem of fully non-linear PDEs; see Theorem l3.1l 
In Sectional we explore the properties of shifted processes (including measurability/integrability), shifted SDEs 
and pasting of controls/ strategies. The contents of this section are all technical necessities in proving our main 
results. Theorems 12. II and 13. II In Section [5l we will discuss the classical stochastic control problem as a degenerate 
case and connect it to second order doubly refiected BSDEs. The proofs of our results are deferred to Section |6l 

1.1 Notation and Preliminaries 

We let E denote a generic Euclidian space and let M be a generic metric space with metric p-^ and denote by 

^(M) the Borel a-field on M. For any x e M and S > 0, Os{x) = {x' G M : Pj^{x, x') < 6} denotes the open ball 

centered at x with radius S and its closure is Os{x) = {x' G M : p^{x,x') < S}. For any function </> : M — )■ M, we 
define 

lim (ti(x ] ^ lim 'f inf 4>{x') and lim 0(a;') = lim 4^ sup 4>{x'), Vx G M. 

Fix d eN. For any < t < T < cx), we set Qt,T = {[t,T) n Q) U {T}, Q being the rational numbers, and 
let rj*''^ = {w e C([t,T];R'^) : w(t) =0} be the canonical space over the period [t, T] , which is equipped with the 
uniform norm ||i^||t,T = sup |a;(s)|. We let Os{oj) = {oj' G fl'^'^ : ||a;' — a;||4.T < 5} denote the open ball centered at 

sG[t,T] 

w G fl*'"^ with radius S > 0, and let ^(O*'^) be the correspondingly Borel cr— field of fi*'-^. We denote by B*'^ the 
canonical process on f2*'^, and by Pq'^ the Wiener measure on (il*'"^, ^{fl^''^)) under which i?*'^ is a d— dimensional 

Brownian motion. Let F*'"^ — ^J-^'^ = o-(i?*'"^;r G [i, s])| be the filtration generated by _B*'^ and let C*'^ 

collect aU cylinder sets in J"^^, i.e. C*''^ = | H (bJ;^)"^^^) : m e N, t < ti < ■ ■ ■ < < T, {£^y^l C ^(R'^)l. 
It is well-known that 

M{n*'^) ^ a{C*'^) = a{{Bl^^y\£) : r e [t, T], £ G ^(R'^)} = J"^^. (1.4) 

For any F*'"^— stopping time r, we define two stochastic intervals |i,T| = {(j^, t^) G [t,r] x f2* : r < t(lli)}, 
|T,rl = {{r,Lu) e [t,T] X : r > t{uj)} and set It,TIa = {(r,a;) e [t,T] x A : r > t{uj)} for any A G T^'^ . 
The following two results are basic, see [5] for proofs. 

Lemma 1.1. Let 0<t<T <oo, for any sG the a— field J'l''^ is countably generated by 

Cl^'^ = { {Blfy\Ox,ix,)) : m G N, G Q with t < ti < ■ ■ ■ < t^ < s, x, e Q"^, e Q+}. 
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Lemma 1.2. Let 0<t<s<S<T<oo. The truncation mapping njf : n*^^ n"''^ defined by 

{Ulf{iu)){r)=uj{r)^0j{s), Vc. G 1]*^^, Vse[,s,5] 
is continuous (under uniform norms) and J-!^''^ / Tp^ —measurable for any r £ [s, S]. Moreover, we have 



s 



From now on, we fix a time horizon T S (0,oo) and shall drop it from the above notations, i.e. (fi*'"^, || \\t,T, 
^t,T^ pt,T^ pt,T^ ^t^T^^ — ^ f^^t^ II 11^^ pt^ pt^ pt^ qV^_ rpj^g expectation under will be denoted by Et. When 

T T ' I I 

S — T we simply denote IIj ^ by lit s in Lemma 11.21 

Given t € [0,T], we let denote the set of ah probability measures on (17*, ^(fi*)) = (fJ*, J"^) by For 

any P € V* , we set = {j\f C fi* : A/" C A for some A e J"^ with P{A) ^ 0} as the collection of all P-nuU 

sets. The F- augmentation of F* consists of J"f = a(J"* U J^^), s £ [t,T]. (in particular, we will write 

f' = {^*},e[tT] = i-^^"] [ T]) completion of (f^*, is the probability space J"!", 

with P = P. For convenience, we will simply write P for P. 

Similar to Lemma 2.4 of [13], we have the following result: 

Lemma 1.3. Let t £ [0, T] and P £ P*. 

1) For any S^£lJ- [!Flp , P^ and s£[t.T], Ep\S}^Ff]^=Ep\S}^J^l\, P—a.s. Consequently, a martingale {resp. local mar- 
tingale or semi-martingale) with respect to (F*,P) is also a martingale {resp. local martingale or semi-martingale) 
with respect to (F^,P). 

2) For any K— valued, F^— adapted continuous process {Xs}si£[t,T]! there exists a unique {in sense of P— evanescence) 
valued, F* — adapted continuous process {Xs}se[t,T] such that P[Xs — Xg, Vs G [i,P]) = 1- For any E— valued, 

F^— progressively measurable process {Xs}se[t,T]i there exists a unique {in ds x dP—a.s. sense) E— valued, F*— 
progressively measurable process {Xs}sg[t.T] such that Xs{io) = Xg{u)) for ds x dP—a.s. (s, uj) £ [t, T] x fi*. In both 
cases, we call X the F* — version of X. 

For any p £ [1, oo), t £ [0, T] and P £ P*, we introduce some spaces of functions: 

1) For any sub-cr-field F oi , let IJ>{F,E,P) be the space of all E— valued, J^— measurable random variables 

i such that lieikn^.P) - {Ep[W]Y'' < oo. 

2) For any filtration ^ = {Ss}se[t,T] on {il^,F^), ^{d) will denote the progressively measurable cr— field of 
[t,T] X il*. Let C^([i, T], E, P) be the space of all E— valued, 5^— adapted processes {Xs}s£[t,T] with P—a.s. contin- 
uous paths. We define the following subspaces of ([t, P], E, P): 

"'!([t,P],E,P) ^ |x e q([i,T],E,P) : ||X||c5([t^T],P) - |i?p[ sup^^|X.|p]| < oo 

( [t, P] , P) ^ { X e CO ( [i , T] , K, P) : X± ^ (±X) V e C| ( [t , P] , P) } ; 

• 'r^{[t,T],P) ^ {X £ C^([i,T],K,P) : X has P-a.s. finite variation}; 

• %([t,P],P) = {X £ Cl{[t,T],R,P) : Xt^O a,ndX has P-a.s. increasing paths}; 
.K|([t,P],P)^{Xe]Kg([t,P],P) : Ep[XP] <oo}. 

3) Let H|''°'=([i,T],E,P) be the space of all E— valued, S^— progressively measurable processes {Xs}se[t,T] with 
// \Xs\Pds < oo, Po*-a.s. And for any p £ [l,oo), we let H|'^([i, T], E, P) denote the space of all E— valued, 

i?— progressively measurable processes {Xs}s<£lt,T] with ||X||jjp,pj-jj ^ ^ |pp {^J^\Xs\p dsY^^ | " < oo. 

Also, we set G|([t, P], P) = C|([t, P], M, P) x H|''^([t, P], M'', P) x K|([i, P],P) x K|([t,P],P). 

If E = M (resp. P = Pg), we will drop it from the above notations. Moreover, we use the convention inf = oo. 
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1.2 Doubly Reflected Backward Stochastic Diffierential Equations 

Let f e [0,T]. A i~parameter set {£,,f,L,L^ consists of a random variable ^ G L*'(J^^), a function f : [t,T] x 51* x 
R X ^ M, and two processes L,L G C5,t([i,r]) such that f is ^(F*) ® ^(M) (g) ^(R'')/^(R)-measurable and 
that Lrp < ^ < Lt, Pq— a.s. In particular, f,L,T^ is called a {t, g)— parameter set if ^ G L^(j^y), L G Cit''([<, 7"]) 

andiG C-;''([i,r]). 

Definition 1.1. Given t G [0,T] and a t~parameter set {^,j,L,T^, a quadruplet (Y, Z, I£, K) G C^{[t,T]) x 
]HlHlt'°'^([<, T], R'') X Kr^t ([t. T]) X IKpt ([t, T]) is called a solution of the doubly reflected backward stochastic differential 

equation on the probability space (il*, Jv^jPq) with terminal condition ^ generator f, lower obstacle L and upper 
obstacle L {DRBSDE{P/^, ^,f, L,L) for short) if it holds P^-a.s. that 



Ys^i+j^ f{r,Yr,Zr)dr+Kj.-K^-{KT-Ks)-J^ Z 
se[t,T] and f (Y,-L^dK 



L<Y,< Ls 



.dBl, se[t,T], 

T 

(Ls~Ys)dKs = 



(1.5) 



0. 



The last two equalities in (jl.5p are known as the /?at-Oj(f conditions corresponding to L and L respectively, under 
which the two increasing processes K_, K keep process Y between i and L at the minimal effort: i.e., only when Y 
tends to drop below L (resp. rise above L), K_ (resp. K) generates an upward (resp. downward) momentum. 

We first have the following comparison result and a priori estimate for DRBSDEs, which generalize those in 
[10] and [ig. 

Proposition 1.1. Given t £ [0,T] and two {t,q)— parameter sets [£,i,fi, , L^) , (£,2, f2, , L^) with Pq{^i < ^2) = 
P^{Ll < LIl] <Lly s e [t,T]) = I, let Z%K\r ) G C|,, ([i, T]) x Hj,'([t, T], R-^) x Ky. ([i, T]) x Ky. ([i, T]), 

i = 1,2 be a solution of DRBSDE(^Pq, ^i,fi, 1/ , L ). For either i = 1 or i ~ 2, if fi is Lipschitz continuous in 
{y,z): i.e. for some 7 > 0, it holds for ds x dP^ — a.s. {s,lo) G [t,T] x fl* that 

\U{s,Lo,y,z)-U{s,u:,y',z')\<-i{\y-y'\ + \z-z'\), V2;,y'GR, Vz,z'gR^ (1.6) 

and ^/fl(s,y/-^Z3-') < f2{s,Y^-\ Z'^^-^), ds x dP^~a.s., then it holds P^-a.s. that < Y^^ for any s G [t,T]. 

Proposition 1.2. Given t G [0,T] and two {t,q)— parameter sets {£,i,fi,L},L^),(^£,2,f2,I^,L^) with Pq{L}s = 
LlLl^Ll\fse[t,T]) = 1, let {Y\Z\K\T) G ([t, T]) x Hj«([i, T], R'^) x Kp*([t, T]) x K^* ([t, T]), z = 1, 2 
be a solution of DRBSDE{PQ,^i,fi, Lf , L )■ If fi satisfies (|1.6p . then for any va G{l,q] 



Et 


sup 


<C(T,n7,7)| 




-se[t,T] 





hir,Y,^,Z^,)^f2{r,Y,^,Z^,)dr 



(1.7) 



< 



Given a (t, g)— parameter set {£,,f,L,L) such that f is Lipschitz continuous in (y, z). If £^t ^ J^\f{s,0,0)\ds^ 

00 and if P^{L^ < L^, Vs G [t, T]) = 1, then we know from Theorem 4.1 of [15] that the DRBSDE{P^,^,f, L,L) 
admits a unique solution (y, Z, K, K) G Gl* {[t, T]). 



2 Stochastic Differential Games with Square-Integrable Controls 

Let (U, p^) and (V, p^) be two separable metric spaces, whose Borel—cr— fields will be denoted by ^(U) and ^(V) 
respectively. For some uq G U and vq G V, we define 

Mu = %("''"o)) VugU and [v]^ ^ p^{v , v^)) , Vu G V. 

Fix a non-empty Uq C U and a non-empty Vq C V. We shall study a zero-sum stochastic differential game 
between two players, player I and player II, who choose square-integrable U— valued controls and V— valued controls 
respectively to compete: 
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Definition 2.1. Given t G [0,T], an admissible control process = {^^r}re[t.T] for player I over period [t,T] is 
a V—valued, F*— progressively measurable process such that /i^ G Uo, dr x dPQ~a.s. and that Et /^^[/irj^dr < oo. 
Admissible control processes for player II over period [t, T] are defined similarly. The set of all admissible controls 
for player I [resp. II) over period [t,T] is denoted by {resp. V*). 

Our zero-sum stochastic differential game is formulated via a (decoupled) SDE— DRBSDE system with the 
following parameters: Fix fc g N, 7 > and q G (1, 2]. 



1) Let b : [0,T] 



V R'' be a ^([0, T]) <^ ^(M'=) (g) ^(U) «) ^(V)/^(R'=) -measurable function and let 



cr : [0,r] X M*^' X U X V ^ R'''"^ be a ^([0, T]) (g) ^(M'=) (g) ^(U) (g) ^(V)/^(M'=^'')-measurable function such that 
for any {t, u, w) G [0, T] x U x V and any x, x' G R'" 

\b{t, 0, u,v)\ + \a{t, 0, u, v)\<j{l + M„ + [v]^) (2.1) 
axid \b{t, X, u, v) — b{t, x',u,v) \ + \a{t,x,u,v) — a{t,x',u,v)\<j\x — x'\; (2-2) 

2) Let I, I : [0, T] xR'^^R be two continuous fimctions such that /(t, x)<l{t, x), V (t, x) G [0, T] x R'' and that 

\l_{t,x)~l_{t,x')\y\l{t,x)-l{t,x')\<-f\x-x'\^/'^, VtG[0,r], yx,x'eR''; (2.3) 

3) Let /i : M''' be a 2/(7— Holder continuous function with coefficient 7 such that UT, x) < h{x)<l{T, x), V xeR'^; 

4) Let / : [0, T] X M*^ X K X M'' X U X V ^ M be ii'( [0, T] ) ^ ^(R'^ ) ^ ^{R) (g ^(R'') g) ^(U) ® i^(V) /^(R) -measurable 
function such that for any (t, u, v) £ [0, T] x U x V and any {x, y, z), {x' , y' , z') G R'' x M x R"* 

|/(i,0,0,0,^,z;)| < 7(1 + + 
and \f{t,x,y,z,u,v) - f{t,x',y',z',u,v)\ < j{\x - x'^l'^ + \y - y'\ + |z - z'|). 



(2.4) 
(2.5) 

A 



For any A > 0, we let c\ denote a generic constant, depending on A, T, g, 7, — sup |Z(s, 0)| and I 

s£[t,T] 

sup I Z(s, 0) I , whose form may vary from line to line. (In particular, cq stands for a generic constant depending on 

se[t,T] 

g, 7i 1* and h.) 

Fix t G [0,T]. Assume that when player I (resp. II) select admissible control fi G VI* (resp. v G V*), the 
corresponding state process starting from time t at point a; G R*^ is driven by the SDE (|l.ip on the probability 
space (r2*, J^jnjPg). Clearly, the measurability of b and a implies that for any x' G R*^, both \^b{s,x' , fis,i^s)} ^^^^ j,^ 
and {cr(s, x' , fis, '^s)}gg[j are F*— progressively measurable processes. Also, we see from (|2.2p that for any (s, ui) G 
[t,T] X r2*, both 6(s, fis{Lu),i>s{Lu)) and (t(s, •, /is(cj), i/s(w)) are Lipschitz with coefficient 7. Since 



{\b{s,0,fis,iys)\^ + \a{s,0,fis,vs)\^) ds < cq + coEt / {[^^s]^ + Ws]l)ds < 00 



(2.6) 



by (|2.ip . it is well-known (see e.g. Theorem 2.5.7 of [30 ) that (jl.ll) admits a unique solution {Xl''^'^''''}^^^^ 



:l.([t,T],R'=). 

Applying Theorem 2.5.9 of 30^ with (6,6, ^s(O), ct,(0)) = (x, 0, 0, 0) (thus Xs = therein) and using (|2.ip yield 



Et 



sup 

5e[t,T] 



< Co 1 



Et 



(2.7) 



2.1 Continuous Dependence Results 

Lemma 2.1. Let m G [1, 2], t G [0, T] anrf {x, fi, ly) E R'' x U* x VK 



(1) For any s G [t,T], Et 

(2) For any x' G R*-^ Et 



sup 



< co(l + |xn(s-i) + co^t / {[^ir]l+[Ml)dr 



sup 

s£[t,T] 



(2.8) 
(2.9) 
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(5) If b and a are X— Holder continuous in u for some Ae (0, 1], i.e., for any 

\h(t,x,ui,v)-b(t,x,U2,v)\ + \(j(t,x,ui,v)-a(t,x,U2,v)\ < 7p^(ui,U2), (2-10) 



then for any fi' G 



sup 

.se[t,T] 



J^t.X.fi.l' -^t.x.^' .u 



T \^^/2 



(2.11) 



Similarly, if b and a are X^Holder continuous in u for some A G (0, 1], i.e., for any (t,x,u^ G [O?^^] ^ ^ U 
and Ui , U2 G V 



u, W2)| + \a-{t,x,u,vi)-a{t,x,u,V2)\ < J p^{vi,V2) , 



then for any ^ ' G V* 



sup 

.s6[t,T] 



< C^Et 



T \ro/2 

pf{v,,v';)dr 



(2.12) 



(2.13) 



By Lemma[L3](2), X*'^'^''' admits a unique F*-version X*'^''^''', which clearly belongs to ^ ([t, T], R'^) and 
also satisfies ^J^, dH]), ((2T1|) and (|2J3)) . 

If (/i, is another pair of x V* such that (/i, ;/) = (/I, dr x dPg— a.s. on |i, r | for some F*— stopping time 
r, then both {-'^rAs^''^}5£[f and {-'^rAs'''''}5g[f satisfy the same SDE: 



— x 



br{r,Xr)dr + cr^ir, Xr) dB^, s £ [t,T], 



(2.14) 



withbr{r,uj,x) = l{r<^(^)}5(r, a;, ^r(w), J^r(t^)) and cr^(r, x) " l{r<^(^)}0-(r, a;, ^^(w), z^r(w)) , V(r,i:j,a;) G [i,r]x 
X JR*^. Clearly, for any x G M'' both 6t(-, -jx) and <Tt(-, -,0;) are F*— progressively measurable processes, and for 
any (r, w) G [t,T] x fi* both bT{r,uj, ■) and (Jr(r, w, •) are Lipschitz continuous with coefficient 7. Thus ()2.14p has a 
unique solution in C-t([t,T],R'') , i.e. 



A 



pt f Y't,x,^ji,,v 



^'aT'^ VsG[t,T])==l. 



(2.15) 



Let O stand for the quadruplet {t,x, fj.ji'). By the continuity of { and I, Lf ~ l(^s,Xf) and Lf' — l(^s,Xf^, 
s G [t,T] are two real— valued, F*— adapted continuous processes such that Lf < Lf , Vs G [t,T]. 

Given an F*— stopping time r, the measurability of (/, i^) and (|2.5p imply that 

ff{s,uj,y,z) = l{,<^(„)}/(s,Xf (cj), y,z,^i,{uj),Us{uj)^, y{s,u,y,z) G [t,T] x il' x R x R'^ 

is a ^(F') ® ^(R) ® ,;^(R'')/^(R)— measurable function that is Lipschitz continuous in {y,z) with coefficient 7. 
And one can deduce from ([Q]) . ([2^ . ([23]) . Holder's inequality and ([27l) that 



e 19 



sup 



ITS 19 

' sup \L^^^\ 
se[t,T] 



+ ( r\ff{s,0,0)\dsy 



<co + coEt 



sup |X 

.se[t,T] 



e|2 



<oo. (2.16) 



Thus, for any J^*— measurable random variable ^ with Lf < C ^ , Pg— a.s., it follows that £'t[|^|''] < 00, i.e. 
^ G L«(J'*). Then Theorem 4.1 of [15^ shows that the DRBSDE(Po*, /®, Lf^., Lf^.) admits a unique solution 

(r « (r, , (r, ?) , (r, , ® (r, ) G ( [t , T] ) . Clearly, its F* - version (r, C) , ^® (r, , 1 (r, , 



K iT,m by LemmaO(2) belongs to G^,([t,T]). As J"* = {0,rJ*}, Yf{T,^) is a constant. 
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Given another F*— stopping time C such that C, <t, Pg— a.s., one can easily show that | (^^^^^(t, £,), l{s<(;}Zf (r, 
lf^,(T,0,tf^.(T,e))}^^j^^j e G^*([i,r]) solves the DRBSDe(PoS ^^(^^ ^) je^ ^e^ ^ ^ To wit, we have 

(C, (r, 0) , (C, i^c'' (r, 0) , If (C, (r, 0) , (C, ^c"" 0) ) 



(2.17) 

The continuity of functions h implies that h{X^^ is a real— valued, J^^— measurable random variables such that 
= 1_{T, X^) < h{X^) < J{T, X^) = I®. Hence, we can use (|1.5I) to obtain that 

<r,«(r,/i(x|)) <7(i,xf) =7(t,x), Po*-a.s., 

which leads to that 

l{t,x) < Y^{T,h{X^)) <l{t,x). (2.18) 

Inspired by Proposition 6.1 (ii) of [1^, we have the following a priori estimates about the dependence of 
Y^'^^'f^''^ (t, on initial state x and on controls {^i, v). 

Lemma 2.2. Let tu e (l,g], t G [0,r] and {x,^i,v) eM}" xU* xVK 



(1) For any x' e M''\ Et 



sup 

se[t,T] 



y;'"''^'''(r,/z(x^"^^^")) - y;'"'''^'''(r,/i(x^"'''^'")) 



^ I 'I— 



(2.19) 



(^^J Lei I and h satisfy 

\l_{t,x)-l_{t,x')\\J\l{t,x)-l{t,x')\y\h{x)-h{x')\<-i'i}^{\x-x'\), Vte[0,T], Vx,a;'eR'= (2.20) 
/or an increasing C^(M+) function such that for some < Pi < 1 < P2 

^(a) = i/ae[0,Pi], ^(a) < a^^"^ if a e {RuR2), and ?/;(a)=a2/« if a > R2. 

{Clearly, ipi^) 1^ '^^'^ for any a > 0. 5o (|2.20p implies (j2.3p and i/ie 2/ q— Holder continuity of h.) 

Let A G (0, 1]. If b,(T are X— Holder continuous in u (see (j2.10p ) and if f is 2X— Holder continuous in u, i.e., 

for any {t,x,y,z,v) G [0, P] x M'' x M x M'' x V andui,U2 G U 

„2A^^ ^-^ (2.21) 



then for any fj,' G 



Et 



sup 

3e[t,T] 



\f{t,x,y,z,ui,v)-f{t,x,y,z,U2,v)\<j p-^ (ui,U2), 



P* 



(2.22) 



A 



where = (2 + R];^ sup lVV''(a)+ sup ■0"(a) P2 ' 



ae[Ri,B.2] ae[B.uB.2] 

Similarly, ifb,a are \— Holder continuous in v (see (|2.12p ) and if f is additionally 2X— Holder continuous ir, 
V, i.e., for any (t,x,y,J,u) G [0,T] x M*' x M x M'^ x U and vi,V2 G V 

\f{t,x,y,z,u, vi)-f{t,x,y,z,u,V2)\<'y pI^{vi,V2), 



(2.23) 



then for any ' G V* 



Et 



sup 
.se[t,T] 



i;*^"'^'''(P,/i(X^"^^'")) -i;*'"-'^''' (T,/i(X^"'^''' )) 

T 



(/ pl\i^:,i.s)ds)' +Et [ pl\i^:,i..)ds) 



(2.24) 
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2.2 Definition of the value functions and the Dynamic Programming Principle 

Now, we are ready to introduce values of the zero-sum stochastic differential games via the following notion of 
admissible strategies. 

Definition 2.2. Given t e [0, T], an admissible strategy a for player I over period [i, T] is a V— valued function a 
on [t,T]xn*xW that is ^ {F*)<g)^(V) / .^{V)- measurable and satisfies: (i) a(r, Vo)cUo, drxdP^-a.s. (ii) For 
a K> and a non-negative measurable process on (il*, J^^) with Et J^'^'^dr < oo, it holds drxdPQ — a.s. that 

[a(r,w,«)]„<*,H-f kH^, Vi;eV. (2.25) 

Admissible strategies j3 : [i, T] x 17* x U — > V for player II over period [i, T] are defined similarly. The set of all 
admissible strategies for player I [resp. II) on [t^T] is denoted by [resp. !B*). 

Given t e [0,r], an admissible strategy a ^ induces a mapping «(•) : V* -> by 
{a{y))^{uj)^a{r,uj,Vr{uo)), Vj^gV*, (r, w) e [t, T] x f]*. 

To see this, let v <E V^. Clearly, a{v) is a U— valued, F*— progressively measurable process. Since {(r, w) € 
[t,r] X : vriuj) e Vo} n {(r,w) e {t,T] X fi* : a(r,w,Vo) C Uq} C {{r,uj) e [t,T] x fl' : (aM)^(w) G Uq}, it 
holds dr x rfPg— a.s. that a{i') E Vq. On the other hand, one can deduce that 



J ldr< 2Et dr + 2K^Et dr < 



Thus, a{iy) £ Z^*. If t^^ £ V* is equal to E V*, dr x rfPg— a.s. on |t, r| for any F*— stopping time r, then 
a{i^^) = oilyV^), dr x dPg— a.s. on |i,T|. So q;(-) is exactly an Elliott— Kalton strategy considered in e.g. |18) . 
Similarly, any /3 e gives rise to a mapping /3(-) : Z^* — > V*. 

Definition 2.3. Given t E [0,T], an A*— strategy a is said to be of A* if for any £>0, there exist a S > and a 
closed subset F of fl* with Pq (P) > 1 — e such that for any uj,uj' E F with \\uj — uj'\\t < 5 

sup sup /9j.(a(r, w, w), a(r, w', v)) < e. (2.26) 

re[t,T] uev 

We define *B* C similarly. 

For any {t, x) E [0, T] x M'"', we define 

wi{t,x)= inf sup y/'"'^"'<^>fT,/ifx^"^''^^<''>)) and {Si{t,x)= inf sup (t, /ifl^"^^^''<^>) ) 

as player I's priority value and intrinsic priority value of the zero-sum stochastic differential game that starts from 
time t and state x. Correspondingly, we define 

W2{t,x)^ sup inf and ^2(^,2;)= sup inf y^'^M'^)^- h, hfx*^'''''^''^''' 



as player II's priority value and intrinsic priority value of the zero-sum stochastic differential game that starts from 
time t and state x. By (|2.18p . one has 

l_(t,x) <wi{t,x) <wi{t,x) <l{t,x) and l_{t,x) < W2it,x) < W2{t,x) <l{t,x). (2.27) 

The two obstacle functions I, J as well as the DRBSDE structure prevent the value functions from taking 
±00 values. The values wi{t,x) and 'Wi{t,x), otherwise, might blow up unless we impose additional integrability 
conditions on and 58* analogous to e.g. Assumption 5.7 of |44) . 
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Remark 2.1. Given t G [0,T], we can regard /i G Z^* as a member of A*' since 

a^'{r, uj, v) = ^^(cj), V (r, u, v) G [t, T] x 17* x V 

is clearly a ,^(F*) (g) £§{Y) — ^{V)— measurable function such that a^(r, Vq) = iJr & Uo, dr x cZPq — a.s. and that 
(|2.25p /loZds /or ^f" = [/ij^^ anc? an?/ > 0. Similarly, V* can fee embedded into ^B*. T/ien it follows that 

wi{t,x)< inf sup r/^"'^^"fT,/i(X^"''^'n) and u;2(t, :e) > sup inf y/'"^^^"fr, /ifX^"'^'")). 

However, the fact that sup inf ^(r>(X^"^^^'')) < inf^ sup r/"(T,/i(X^"^''^'')) does noi necessarily 

imply that W2(t,x) < wi{t,x). 



Let t G [0, T] and xi, X2 G M''. For any /3 G <B* and G Z^*, ((^1^ shows that 



sup 

.se[t,T] 



< Cq\xi-X2\'^. 



It then fohows that 

yt,.,,^.M^^) /,(^^-2.''./3(A'>)) _^^|^^_^^|2/, <^^t,xi,M,/3(p) (j,^ ^^^Mi,M.,3(M)^^ 

<^M2,M,^(A.)^j,^/j(^M2,M,/3(M>))^^^|^^_^^|2/g_ (2.28) 

Taking supremum over fi Cz and then taking infimum over /3 G yield that 

wi(t,a;2) - co|xi-X2p/'' < < wi{t,X2) + ca\xi~X2\'^^'' . 

Thus |?i'i(t, xi) — wi(t, X2)| < co|xi — a;2p/'^, and one can deduce the similar inequalities for wi, W2 and W2'- 
Proposition 2.1. For any t G [0,T] and X\,X2 G M'^', iwe have 

\w\[t,xi)~wi{t,X2)\ + |wi(i,2:i)--u;i(t, a;2)| + \w2{t,x\)-W2{t,X2)\ + |w2(t, a:i)-W2(i, X2)| < co|a:;i -a:;2|^/''. 

However, these value functions are generally not 1/(7— Holder continuous in t unless the control spaces are 
compact. 

Remark 2.2. When trying to directly prove the dynamic programming principle, \18V encountered a measurability 
issue; see page 299 therein. To overcome this technical difficulty, they first proved that the value functions are unique 
viscosity solutions to the associated Bellman-Isaacs equations by a time-discretization approach (assuming that the 
limiting Isaacs equation has a comparison principle), which relies on the following regularity of the approximating 
values 

\v^{t,x)-v^{t',x')\ <C{\t^t'\^/^ -]-\x^x'\) y{t,x),{t',x') G [o,r] xR'= 

with a uniform coefficient C > for all partitions n of [0,T]. Since our value functions are not 1/2— Holder 
continuous in t given q — 2, this method does not work in general under our assumptions. Instead, we specify 
Elliott— Kalton strategies as measurable random fields from one control space to another in order to avoid similar 
measurability issues when pasting strategies {see Proposition \4.lO^ . This is a crucial ingredient in the proof of the 
supersolution (resp. subsolution) side of the dynamic programming principle (Theorem \2.1^ for wifresp. W2). 

Given i = 1,2, since Wi{t, •) is continuous for any t G [0,T], one can deduce that for any F*— stopping time r 
with countably many values {tn}neN C [t,T], and any K'^— valued, J"*— measurable random variable ^ 

Wi{T,£,) = ^ l^T=t„}Wi{tn,£,) is J"*— measurable. (2.29) 

Similarly, vui^r,^) is also J^*— measurable. 

Then we have the following dynamic programming principle for value functions. 
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Theorem 2.1. Let (t,x)e[0,r] x R''. For any family {t^.^j : /iGZ^*,/3eS*} of Qt,T~ valued, F* — stopping times 

w,it,x) < inf sup r/'^''''^<''>(r^,^,«;i(r^,;5,X*;7'^^<''>)) (2.30) 

and < inf sup (r^,^, t^i (r^,^, B^f ; (2.31) 



/3es* pew 

the reverse inequality ( of (j2.3ip ) holds if 



1,1 and h satisfy (12. 20^ ; b,(j are X— Holder continuous in v (see (|2.12p ) ; and 
f is 2X^Hdlder continuous in v (see (|2.23p ) for some A G (0, 1). 



On the other hand, for any family {r^^a - i^GV*,aGyl*} of Qt,T~ valued, F* — stopping times 

W2{t,x) > sup inf r/'"^"<''>^''(r,.„,«;2(v„,X*;-f<''>''')) (2.32) 



and W2{t,x) > sup inf fr, ^2 (r. ^*'"'"^"^'")) ; (2.33) 



</ie reverse inequality of (|2.33p /loMs i/ 
(Ua) 



Z, ^ and h satisfy (I2.20p .' 6, cr are X—Holder continuous in u (see (|2.10p ) ; and 
/ is 2X— Holder continuous in u (see (j2.2ip ) for some X E (0, 1). 



Note that each y^''''^'^^^'' (t^,i3,wi (r^,/j, Xr'^f''^'''"^)^ in (12:301) is well-posed since wi (t^,,3, x*;^ is J"^ 
measurable by (j2.29l) and since 



/3 



by (|2.27l) . The proof of Theorem 12.11 (see Subsection 16.21) relies on (|2.22p . (|2.24l) . properties of shifted processes 
(especially shifted SDEs) as well as stability under pasting of controls/strategies, the latter two of which will be 
discussed in Section |31 



3 An Obstacle Problem for Fully non-linear PDEs 

In this section, we show that the (intrinsic) priority values are (discontinuous) viscosity solutions of the following 
obstacle problem of a PDE with a fully non-linear Hamiltonian H: 

min|(w-i)(t, a;), max|-^w(t, x)-H{t, x, w{t, x), D^w(t, x), Dlw{t, x)) , [w-l){t, a;)|| =0, V {t, x) G (0, T) x R*^. (3.1) 

Definition 3.1. Let H : [0, T] x M*^ x M x M*^ x S^; — > [— oo, oo\ be an upper {resp. lower) semicontinuous functions 
with E>k denoting the set of all M!'^^ — valued symmetric matrices. An upper [resp. lower) semicontinuous function 
w : [0,T] X R'^ — > R ?s called a viscosity suhsolution [resp. supers olution) of p. II) if w{T,x) < (resp. >) h{x), 
Vx G R'', and if for any {to,Xo, (p) G (0,T) x M'"' x C^'^([0,r] x R'') such that w{to, xq) = ip{to,xo) and that w - (p 
attains a .strict local maximum [resp. strict local minimum) at (to,a;o), we have 

min|((p-/)(io, Iq), max| -^(^(io, xo)-ff (^o, a^o, "^(io, a^o), D^ipito, xo),Dl<p{tQ, xq)), ((p-7)(to, a^o)}} < {resp. >) 0. 

Although the function H in Definition 13.11 mav take ±cx) values, the left-hand-side of the inequality above is 
between [w — I) {to, xq) and {w — I) {to, xq) and thus finite. 

For any (i, x, y, z, T, u, w) G [0, T] x R'^ xRx R'^ x Sfc x Uq x Vo, we set 

H{t, X, y, z, r, u, v) = —trace{acr^{t, x, u, w) F) + z • b{t, x, u, v) -f f{t, x,y, z ■ a{t, x, u, v), u, w) 
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and consider the following Hamiltonian functions: 

J£]^(5) = sup lim inf H(E',u,v), Hi{E) = lim | sup inf lim sup H{E',u',v), 

ueVo H'^H "6^0 n^Qo ,^^fj^ ve^S VaBu'^u H'gOi/„(H) 

and i?2(S) = inf lim sup H{E! ,u,v)^ iJ2(S) = lim t inf sup lim inf H{E.',u\v), 

i>eVo H'^E „gUo ^^^ouee^ UqSji'^u 2'eOi/„(s) 

where S = (t, x,y, z,r), ^" = {w G Vo : < ?i + "-Nu) and ^" = {u e Uo : < n + nHy}. 
For any {t,x) e [0,T] x M''', Proposition 12.11 implies that 

wl{t,x) = limwi (i', a;) — lim wi{t',x') and u'2(i,a;) = liniW2 (i',a;) = lim W2{t',x'). 

In fact, wl is the smallest upper semicontinuous function above wi (also known as the upper semicontinuous envelope 
of wi), while ^2 is the largest lower semicontinuous function below W2 (also known as the lower semicontinuous 
envelope of ti;2)- Similarly, for i = 1,2, 



w^{t,x) = limw,; {t',x) and Wi{t,x) = limw^ {t',x), V(t,a;) G [0,T] x R'' 



are the lower and upper semicontinuous envelopes of Wi respectively. 

Given x £ R'^, though Wi(T,x) — Wi{T,x) ~ h{x), probably neither of w*{x), w_i{x), Wi{x) equals to h{x) as 
the value functions Wi, Wi may not be continuous in t. 

Theorem 3.1. 

1) If\Jo {resp. Vo) is a countable union of closed subsets of U (resp. V), then wi and w* {resp. W2 o,'<^d W2) are 
two viscosity subsolutions (resp. supersolutions) of p.ip with the fully nonlinear Hamiltonian Hi [resp. H_2). 

2) On the other hand, if {V \) [resp. (U>,)) holds for some A £ (0, 1), then w-^ (resp. W2) is a viscosity supersolution 
[resp. subsolution) of p.ip with the fully nonlinear Hamiltonian H_i [resp. H2). 

4 Shifted Processes 

In this section, we fixO<t<s<T and explore properties of shifted processes from il* to Q'^, which are necessary 
for Section [2] and Section [3l 

4.1 Concatenation of Sample Paths 

We concatenate an w e il* and an w e il^ at time s by: 

{uj(g)s^){r) =oj{r)l{relt,s}} + {oj{s)+^{r))l[r^[,^T]}, Vre[t,r], (4.1) 
which is still of f2*. Clearly, this concatenation is an associative operation: i.e., for any r e [s, T] and u) € 

(w ®s w) (g),. W = W (8)s {UJ (^r w). 

Given oj £ fl*. we set w (g)^ = and w ®s A = {w (g)s cD : cj e A} for any non-empty A G fl^. The next result 
shows that A E consists of all branches oj (g)s ri'' with oj E A. 

Lemma 4.1. Let Ae Tl. If uj E A, then a; fi" C A (i.e. A"-"^ = fJ"). Otherwise, if uj ^ A, then w ®s fJ'' C A" 
(i.e. A"-" = 0). 

Also, for any ^ C fi* we set A"'" = {w S fi" : a; (8)3 w S ^} as the projection of A on O'' along uj. In particular, 
0«>" = 0. For any A C A C fl* and any collection of subsets of il*. One can deduce that 

(A^Y'"" = e f^' : w (8), w e A"} = e J^'' : a; ®, w e A} = = (4.2) 

= e : a; (8s w e A} C {w e : a; (g)^ w e 1} = I"'", (4.3) 

and ( U Aj) ' = \uj E il" : uj (E)s uj E U aA ^ U {uj E : uj (g)s uj E AA ^ U A-'". (4.4) 



On Zero-Sum Stochastic Differential Games 



14 



Lemma 4.2. Let lo G f2*. For any open [resp. closed) subset A of VL^ , A*'" is an open {resp. closed) subset offl'^. 
Moreover, given r G [s, T] . we have A*''^ G J-^ for any A G J^* and a; A G /or bk?/ A G . 

For any V C [t,T] x 17*, we accordingly set P'*^" = { (r, w) G [s,T]xfJ'' : (r,^®^ cD) gX*}. Similar to 
for any V C V C [t,T] x il*^ and any collection {Vi^.^zx of subsets of [t,T] x 17*, one has 

(([t,r] X 17*)\2?)'^" = ([s,T] X 17'^)\2?^'" = (I?"-'^)", v^'^^^V'''^ and ( U^I?,)'""^ .U.I?!'"'. (4.5) 

4.2 Measurability of Shifted Processes 

For any M— valued random variable ^ on 17*, we define a shifted random variable ^"^"^ on 17* by ^*'"(w) = ^(oj^sw), 
Vw G 17^*. And for any M— valued process X = {Xr}r£[t,T\, its corresponding shifted process with respect to s and 
w consists of X^^" = (X^)**'", Vr G [s,r]. In light of Lemma [4.21 shifted random variables and shifted processes 
"inherit" measurability in the following way: 

Proposition 4.1. // is Tl — measurable for some r G [s,T], then ^"''^ is measurable. Moreover, for any 
M.~valued, F*— adapted process {Xr}re[t.T]: the shifted process {^r''^}rg[s t] F"^ — adapted. 

Proposition 4.2. Given Tq G [s,T], P*^" G ^([s,To]) (g> for any V G ^([t,To]) ® Consequently, if 

{Xr}re[t,T] *s o,'^ M.— valued, measurable process on (17*, J^^) [resp. an M.— valued, — progressively measurable 
process), then the shifted process {Xp'^^ ^^^^ ^p-^ is a measurable process on (j}^,J-j^) [resp. an F^— progressively 
measurable process) . Moreover, we have V^'^ G ^^iF") for any V G =^(F*) . 

For any J^c[i,T]xl7* x M, we set J'*^" = { (r, w, x) G [s, T] x 17" x M : {r,uj ®s^,x) i^j] . 

Corollary 4.1. For any J G ^(F*) ® SS{M), J"''^ G ^{F") (g) ^(M). Let M be another generic metric space. 
If a function f : [i, T] x 17* x M ^ M is ^(F*) (g) ^{M)/^{M) -measurable, then the function /'*^"(r, 5, a;) = 
f{r,uj(S)si^,x), V(r,5,a;) G [s,T] x 17" x M is ^(F") (g) ^{M)/3g{M) -measurable. 

When s = t{uj) for some F*— stopping time t, we shall simplify the above notations by: 

The following lemma shows that given an F*— stopping time r, an J-"*— measurable random variable only depends 
on what happens before t: 

Lemma 4.3. For any F^ — stopping time t and ^ G J^*, = ^(i^). In particular, t(u} ®r 17^^"-*) — t{(jj). 

4.3 Integrability of Shifted Processes 

In this subsection, let r be an F*— stopping time with countably many values. Using the regular conditional 
probability distribution (see e.g. |45]). we show below that shifted random variables "inherit" integrability property. 

Proposition 4.3. For any £, G Li(j"^), it holds for P^-a.s. w G 17* that C'^ e (J"J*"\ Pj"^'^^) and 

^rH[r1 =i?t[e|-^r](^)eM, (4.6) 

where E^-^^^) stands for Ep^{^) . Consequently, for any p G [l,oo) and ^ G L'°(j^^), it holds for P^-a.s. w G 17* that 
gLp(J-;("\Fo"(")). 

Corollary 4.2. For any Pq — null set Af , it holds for Pq — a. s. a; G 17* thatH'^''^ is a P^^'^'^ — null set. Consequently, 
for any two real-valued random variables and ^2, if S,i < £,2, P^-a.s., then it holds for P^-a.s. w G 17* that 

Next, let us extend Proposition 14.31 to E— valued measurable processes. 
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< 



Proposition 4.4. Let {Xj.}r£[t,T] anK— valued measurable process on (17*, J"^) such thatEMj^ |X^|''dr)^^^ 
for some p^p £ [l,oo). It holds for Pq — a. s. a; € 17* that {Xl'^^l^.^Yri^^yj'^ is a measurable process on (i7'^'^'^\ J^^'^^) 



oo 



with E^. 



< oo. 



Corollary 4.3. Givenp,p£ [l,oo), if {Xr}relt,T] G H^f([t,T],E) {resp. C^t([t,T],E)), then it holds for P^~a.s. uj e 
17*, {X;^n.E[.M.T] G H^f,.,([r(..),r],E,Po-(")) (re.p. C^.,., ([r(^), T], E, P^^^^)) . 

Similar to Corollary 14. 21 a shifted dr x rfPg— null set still has zero product measure: 

Proposition 4.5. For any V e ^([i, T]) (g) J"^ wii/i (dr x dP^){V n |t, T]) = 0, /loWs for P^-a.s. cj e 17* f/iai 
P^^" e ^([r(a;),r]) «) J^^"^ mt/i (dr x dP^^'^'^) (V^^'^) = 0. 

The following analyzes the admissibility of controls and strategies when they are shifted. 

Proposition 4.6. (l) For any fi £ {resp. v E V*), it holds for P^ — a.s. w £ 17* that /i'^'" ~ {Mr''^}re[r(tj),T] G 
Zi-(-) {resp. v-^^ = {<^'^}.6[.(„)^T] G V^'")) . 

{2) For any a £ A* (resp. a £ ^ £ *B* and (3 £ *8*), holds for Pp-a.s. w £ 17* i/iai a"'" £ yl'' (resp. a"''^ £ 
A", (3"-'^ £ and /3"'" £ S"). 

4.4 Shifted Stochastic Differential Equations 

In this subsection, we still consider an F*— stopping time r with countably many values. 

Fix X e R'', fj, e U\ ly e V* and set 9 = {t,x,^,v). For PQ*-a.s. uj £ 17*, Proposition l46l (1) shows that 
(^^^",iy^'") £ 

Z^^(")xV^(") , and thus we know from Section[2]that the following SDK on the probability space [vt'^'^'^ , T^'^'^ , Pj"^"^^ ■ 



X, 6(r,X„/i;'-,<'-)dr+ / a{r,Xr,p:'^,i^;ndB;^^\ ^ e [t{uj),T] (4.7) 

J t{(jj) J r{uj) 



admits a unique solution I Xf^ I ^ ^ ^ £ Ci,(^) ([t(w), T], R''^) with 8^ = (^T(a;), Xf(^)(tj), /x^-", i^^'^^ As shown 
below, the F'^''^)— version of \xf^ \ is exactly the shifted process {{X^Y '^^ , , n 

I ) se[T{Lu),T] l\ Js )se[r{uj),T] 



Proposition 4.7. It holds for P^-a.s. u € that XT^ = i^'^Ys" > Vs £ [t{lj),T]. 

This result has appeared in [18] for case of compact control spaces (see the paragraph below (1.16) therein) 
and appeared in Lemma 3.3 of [331 where only one unbounded control is considered. The proof of Proposition 14.71 
depends on the following result about the convergence of shifted random variables in probability. 

Lemma 4.4. For any {^i}ieN C h^{J-^) that converges to in probability Pq, we can find a subsequence {Cijjgnj 
of it such that for P^ — a.s. u) £ 17*, {^r^jjgpj converges to in probability Pq 



For any J^^— measurable random variable ^ with < i < Lrp, Pg— a.s., Proposition 14.11 CoroUarv 14.21 and 
Proposition lO imply that for Po*-a.s. uj £ 17*, £ J"^^"^ and 



L?^ = i(t,x^") = i(r, (x|)"'") < (Lf )"'" < T'" < (I?)''" < i{t, (X^] 



Then Section [2 also shows that for Po*-a.s. w £ 17*, the DRBSDE(^PJ'^'^', r''^, , i®- , P®"^ on the probability 

space (^17^("), J^''^\Po^^"^) admits a unique solution (f®- (P, ^^^") , Z®- (T, ^^^") , i^®- (T, C""'") , ®^ (T, C""'")) £ 
Gl^(^) ([r(a;), T]) . Similar to Proposition gJl the F'^^") -version of F®- (P, ^^''^) coincides with the shifted process 
{(?e(T.C))r}_^ 



6[r(^),T] 
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Proposition 4.8. It holds for P^-a.s. w e f7* that y®"(r,^^^") = {Y^ {T , , Vs e [t{oj),T]. In particular, 

= (y0(r,O)(c^) for P^-a.s. w^nK 

Proposition |4?8] can also be shown by Picard iteration, see (4.15) of |4r for a BSDE version. 



4.5 Pasting of Controls and Strategies 

We define UtAr,^) = (r,nt,,(w)), V (r, uj) e [s,T] X r2*. Analogous to Lemma [1.2) one has 

Lemma 4.5. Let r £ [s,T]. For any V e S§{[s,r]) ® F^, 'n.^^^{V) e ^{[s,r]) «) 7"^ and {dr x dP^){^^l{V)) = 
(^dr X dPQ){V). Consequently, the mapping Ht.s ■ [s,T] x fi* ^ [s,T] x Q'^ is ,^s(F*)/>^(F*)— measwraWe, where 
^s(F*) = {Ve ^(F*) : P C [s,T] X 17*} is a a-field of [s,T] x ilK 



Now, we are ready to discuss pasting of controls and strategies. 



Proposition 4.9. Let fi £ for some t £ [0,T] and let t he an Y^— stopping time taking values in a countable 
subset {t„}„gN of [t, T] . Given N £ N, let {A^Yi!^^ C J-^^ be disjoint subsets of {t — tn} for n = 1, ■ ■ N and set 

Ao = n^\( U U aA . Then for any {^ff jf^, C U*" , n ^ 1, ■ ■ N 

\ \ 71—1 i—1 / 

^ A /«),(nt,t„H), if{r,uj)£{T,T\A^^[tn.T]xA^Uorn=l--;Nandi = l,--;ln, 
^r(w) ■( ' (4.8) 

Im.H, z/(r,c.)G [i,r|U[T,rU„ 

defines a U*— control such that for any (r, w) G |t, T] 



'(/if)^, ifujeA^forn = l---,Nandi = l 
ul'"^, ifujeAo. 



We can paste <^ V^" , n = 1, ■ ■ ■ , N to a v £ V* with respect to {A^}^!^-^^, n — I, ■ ■ ■ , N in the same manner. 

Proposition 4.10. Let a £ [resp. ^*) for some t £ [0, T] and let t be an F*^ ^ stopping time taking values in a 
countable subset {i„}nGN of Qt.T- Given N £N, let {AfYi!!^ *--^t„ disjoint subsets of {t — tn} for n= 1, • • •,iV 

and set Aq ^ f U U aA . Then for any laf}-^, C A^" iresp. A^^) , n=l,---,N 

Ajaf{r,Ut^t,M,v),ifir,uj)£lT,TlAY = [tn,T]xA2forn^l--;Nandt = l,--;en,^ „, 
a(r,uj,v)—<, vv£Y (4.9) 

\a{r,i,,v), ifir,uj)£lt,TlUlT,TU„ 
is an A^ — strategy [resp. A^ — strategy) such that given v £ V*, it holds for P^ — a.s. lu £ Vl^ that for any r £ \t{'jj), T\ 
1^1 /«(^^*"'"»,, ifLo£A^forn = l--;Nandi = l,---Jn, 

We can paste C {resp. S *") , n = 1, • • • , TV a ;3 G *B* {resp. S*) wit/i respect to {A^Y^^, n = 

1, ■ ■ ■ , N in the same manner. 



5 Optimization Problems with Square-Integrable Controls 

In this section, we will remove controls (or take V = Vo = {vo}) so that the zero-sum stochastic differential 
game discussed above degenerates as an one-control optimization problem for player I. 
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5.1 General Results 

We will follow the setting of Section [5] except that we take away the w— controls from all notations and definitions. 
In particular, V*, 53* and *8* disappear (or become singletons) while is equivalent to U* . Then for any {t,x) € 
[0,r] X R'^, wi{t,x), wi{t,x), W2{t,x) coincide as 

w{t,x) ^ sup r/'"'^(r,/i(X^"''')). (5.1) 
pew* ^ ^ 

As (V\) trivially holds for any A G (0, 1), the one-control version of Theorem 12.11 reads as: 

Proposition 5.1. Let {t,x)e[0,T] x R'' . For any family {r^ : /iCZ^*} of 'Q^t,T— valued, V* — stopping times 

w{t,x) = snp Y,''^^''(t^,w{t„XI---^)). (5.2) 

Moreover, for S = {t,x,y, z,T) e [0, T] x R*^ x R x R'^ x S^., H{E) and I7(S) simplify respectively as H{E) = 
sup lim H{E! , u) and 

iJ(S) = lim I sup lim sup H{E',u')— lim J, sup sup Hl^' ,u) 

ri^oo „g„^ Un9«'^« H'eOi/„(H) «eUo H'60i/,.(H) 

= lim I sup sup H{E! ,u) — lim sup H[^',u), 

n^oo H/gOi/„(5:) uSUo «eUo 

where we used the fact that sup lim = sup in the second equality. Then we have the following one-control 
version of Theorem 13. II 

Proposition 5.2. The lower semicontinuous envelopes of w: wit, x) = lim w ft', a;) , [t, x) G [0, T] xR'' is a viscosity 

supersolution of (|3.ip with the fully nonlinear Hamiltonian H_ . On the other hand, if Uq is a countable union of 
closed subsets o/U, then the upper semicontinuous envelopes of w: w{t,x) = Y\mw{t' ,x^ , {t,x) G [0,T] x M*"' is a 
viscosity subsolutions of (|3.ip with the fully nonlinear Hamiltonian H . 

Remark 5.1. Similar to I44h VJe only need to assume the measurability {resp. lower semi- continuity) of the termi- 
nal function h for the "< " (resp. "> ") inequality of (j5.2p and thus for the viscosity subsolution (resp. supersolution) 
part of Proposition \5.Sl 

5.2 Connection to the Second- Order Doubly Reflected BSDEs 

Now let us further take fc = d, U = uq = and Uo = §>^° = {T e §>d ■ det{T) > 0}. 

Lemma 5.1. is a separable normed vector space on which the determinant det{-) is continuous. 

It follows that Uo = S;^" consists of closed subsets of U: F„ = {m e U : det{u) > 1/n}, n G N. We also specify: 
b{t,x,u) = b{t,x) and a{t,x,u)=u, y{t,x,u ) e [0,r] X R'* X U. (5.3) 

for a function b{t,x) : [0,T] xR'^ ^R'^ that is ^([0, T]) (g) ^(R'*)/^(R'*)-measurable and Lipschitz continuous in 
X with coefficient 7 > 0. Via the transformation (j5.12l) . we will show that the value function vu defined in (j5.ip is 
the value function of second-order doubly refiected BSDEs. 

Given t e [0, T], we say that a P G T'* is a semi-martingale measure if is a continuous semi-martingale with 
respect to (F*,P). Let Q* be the collection of all semi-martingale measures on (57*, J^^). 

Lemma 5.2. Let t e [0, T]. For i,j G {1, • • • , d}, there exists an R U {00}— valued, —progressively measurable 
process a*'*'^ such that for any P G Q*, it holds P—a.s. that 

a*'^'^- = a*/V» = ^m^^m[{B'-\B'^^)f - {B'^\ B^-^)^^^^^^^,) , s G [t,T], (5.4) 
where (B*^% B*J)^ 's denote the P — cross variance between the i—th and j — th components of B* . 
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Similar to [13], we let collect all P £ such that P— a.s. 

is absolutely continuous in s and a* e Sj"^ for a.e. s G [t,T]. (5-5) 
In general, two different probabilities Pi, P2 of Q\y are mutually singular, see Example 2.1 of |43j . 

Lemma 5.3. For any t e [0,r], there exist a unique E>^'^~valued, F*— progressively measurable process such 
that for any P G Qw, it holds P~a.s. that (f?*)^ = ql ■ ql = a-l for a.e. s G [t,T]. 

For any Pg Q^, we define 3f ^ (g*) ^dB^., s G T], which is a continuous semi-martingale with respect 
to {F^,P). Since the first part of (|5.5I) and (|5.4I) imply that P-a.s., 

{B')P^j\ldr, V,sG[<,r], (5.6) 

one can deduce from Lemma 15.31 that P— a.s. 

(3^)f = (g*)-^(g*)"'d(B*)r = J (g*)~'-(g*)"'- a* dr = {s~t)h^a. Vs G [t,r]. 

In light of Levy's characterization, the martingale part of 3^ is a Brownian motion under P. Let = 
{^/f'l^gjj denote the P— augmented filtration generated by the P— Brownian motion , i.e. 

= a(a{W^,r £ [i,s])u^^), VsG [i,T]. 

Let (t,x) G [0,r] X and /i G Z^*. According to our specification jO]), {^s''''''}se[t,T] ^ C|,t([t, T],R'') stands 
for the unique solution of the following SDE on the probability space (r2*, J"^, Pq) : 

Xs=x + b{r,Xr)dr + UrdBl., s £ [t,T]. (5.7) 

Similar to (|2.7p . we have 



sup 

s6[t,T] 



T 

2 



< Co 1 + 1x1^ + St / <oo. (5.8) 



By Lemma[L3](2), X*'''''" admits a unique F*-version X*'^-" G ([t, T], M'') which also satisfies dSH). As X*'^''' 
has continuous paths except on some A/"^*'^ G with Pq{JV^'^) = 0, wc can view 

(5.9) 

as a mapping from to fi*. We claim that X*'^'^' is actually a measurable mapping from (fi*, J^^) to (il*, J^^): 
To see this, we pick up an arbitrary pair {s,£) G [t,T] x ^{M.'^). The F*— adaptness of X*'^-^ implies that 



(A'*'"''^) '((P*) '(£)) = {cj G r!* : A'*'"'''(w) G (P*) '(£)} = G f!* : A',*'"''^(cj) G 

AA^,*-^ U ((A/;*^^)" n {^^ G 17* : Xf'"='^(a;) G f^) G J"^ , if G £ 



(5.10) 

(AA;'-)= n{ujen': X*'"'^(c^) G G J-^ , if ^ £, 

where = {x + x' : x' e £} E i^(M'^). Thus (P*)"^(£:) G A* = |a C : (A'*'^''')"^(A) G J"^}. Clearly, A* is a 
cr— field of 0*. It follows that 

J-^ = a ((P*)"\£); s G [t,T], £ G ^(M'^)) C A*, (5.11) 
proving the measurability of the mapping A'*'^''^. Consequently, we can induce a probability measure 



J"^), i.e. P'-^-'^ G P*. Similar to gS], we set Qs"" = {P*^'='''} 
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Lemma 5.4. Given {t,x) G [0,T] x an 

for any s G [t,T] that (A'*'^''^) ^(^T^' '' C . Moreover, we have 



d n eU* , let A'*'^''^ : i7* — > fi* 6e the mapping defined in (|5.9p . /lo/ds 



(5.13) 



Proposition 5.3. For any {t,x) e [0,T] x M'*, we /ia?;e 0!"^ C Q 

The following result about Q^^ is inspired by Lemma 8.1 of |43| . 

Proposition 5.4. Let G [0,r] x M''. for an?/ P G Qg^; coincides with , the P— augmented filtration 

generated by the P—Brownian motion . 

Fix {t,x) G [0,r] X R'^ and set P*-^ = a; + P*. By the continuity of I and I, = l{s,Bl'^) and £*/ = 
I(s,i3*''^), s G [t,T] are two real- valued, F*— adapted continuous processes satisfying C}f < £/, Vs G [i,r]. The 
measurability of (/, _B*'^), the measurability of g* by Lemma (jS.Sp as well as the Lipschitz continuity of / in (y, z) 
imply that 

f''%s, u;, 2/, z) ^ f{s, Bl'^oj), y, z, ql{oj)) , V (s, c., y, z) G [t, T] x f!* x R x R"^ 

is a ^(F*) (g) ^(R) ® ,^(M'')/,^(M)— measurable function that is also Lipschitz continuous in (y, z). 

Given gU*, one can deduce from (|2.3p . the version of (12. 4p and (|2.5I) without i/— controls, Holder's inequality, 
(|6.144p and that 





sup sup |£l'"|' + 


(^^|/*'^(s,0,0)|ds)' 






sup 




.se[t,T] se[i,T] 








.se[i,T] 



< Co -I- Co 



sup |P*'^(A'*^^^'') 

5G[t,T] 



<co-l-coi?t sup + / l^sl'^ds <oo. 

se[t,T] 



As r^"" < /i(P^'^) <£r'', it follows that L;pt,x,f,[|/i(B^"^)|«] < oo, i.e. ^ G L'?(j"*,P*'^'^). Then PropositionEH and 
Theorem 4.1 of [TS] shows that the following Doubly reflected BSDE on the probability space (fi*, , P*'"^'^) 



ys = h{B'/)+ / f'%r,yr,Zr)dr + JCj.-!C,~{lCT-ICs)- 



T 



ZrdW^ 



pt,x,ti 



LT<ys<C*:\ sG[t,T], and ^ {ys ~ CT)d!C, ^ {cf - ys)dlCs ^ 
admits a unique solution {y^^-^P'-^-^T, /i(P^")) , Z*^-^^''^ "(r, /i(P^")) , £*'"'^'" "(r, /i(P^")) , :^*'"'''*'"''(r, /i(P^' 

Proposition 5.5. For any {t,x) G [0,T] X R'* and fi G ZY* 

Po*((:V*'"'^*""(r,/i(P^")))(A'*'^''') =n*'"''^(r,/i(X^'"''^)), Vs G [i,T]) - 1. 

Let5^*'^'^'""(T,/i{B^"^)) betheF*-versionof3^*'^'-P''""(r,/i(P^'')). For the constant z/-^'^ ^ y/'"=''^ (p, 
G J"*, one can deduce from (|5.13p that 



1 = P; 



It follows that y*'^'^ = yl''''^'''''\T,h{B^rf')) . Hence, 

= sup r/'"'^(p, - sup y^'"''^ (T,h{B'rr'') 



(5.14) 



which extended the value function of [H] (see (5.9) therein) to the case of doubly reflected BSDEs based on more 
general forward SDEs. Thus our value function w is closely related to the second-order doubly reflected BSDEs. 
On the other hand, when the generator / = 0, the right-hand-side of (|5.14p is a doubly reflected version of the 
value function considered in 1331. 
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6 Proofs 

6.1 Proofs of Section [D & El 

Proof of Lemma [HI} For any s e [t,T],it is clear that cr(C*^'^) C cr| (S*-^) "^f) :re [t, s], £ G ^(1R'')| = J"]-^. 
To see the reverse, we fix r e [t, s]. For any x e Q"^ and A e Q+, let {sj}jeN C Qr.s with lim l sj = r. Since ft*''^ 
is the set of R''— valued continuous functions on [t, T] starting from 0, we can deduce that 

W-)-(o.W) ^ J.^ , u„,n,((B-)-'(o,_.(x))) c ,(c-). 

which implies that 

O = {Oa(x) : X- e Q^A e Q+} C A, = C : G a(C*^^)}. 

Clearly, O generates ^(M'^) and is a cr-field of M''. Thus, one has ^(R'*) C A^. Then it follows that 

J-*'^ = (t{(S*'^)"'(£) :re [t,s],£ C<j{Cl^^). □ 

Proof of Lemma II. 2t For simplicity, let us denote Il^'f by H. We first show the continuity of 11. Let A be an 
open subset of n"''^. Given oj e Ii^'^{A), since n(aj) G A, there exist a (5 > such that 05(11(0;)) = |w e il'''"^ : 
sup |o3(r) — (n(a;))(r)| < (5 ^ C A. For any u' e 05/2(0;), one can deduce that 

sup \{U{uj')){r)- {n{uj)){r)\<\uj'{s)-uj{s)\+ sup |w'(r) - o;(r)| < 2 sup (r) - uj{r)\ < S, 

re[s.,S] re[s,S] re[t,T] 

which shows that n(a;') G 05(n(a;)) C A or w' e U-'^{A). Hence, H"i(A) is an open subset oi ' . 
Now, let r S [s, S*]. For any s' € [s,r] and £ £ ^{M.'^), one can deduce that 

U-\{Bf)-\£))^{u: e 1]*^^: Bf{n{u.))e£}^{c. e 1]*^^: a.(.')-^(^) G^} - (S:;^-i?*'^)-^(f) G-^^^. (6.1) 

Thus all the generating sets of J^p^' belong to A = {A C il"'^ : U^^{A) £ J-*'^}, which is clearly a cr— field of il^'^ . 
It follows that J'p^ C A, i.e., n-\A) e Fp'^ for any A e Fp'^ . 

Next, we show that the the induced probability P = Pq'^ o H^^ equals to Pq'^ on Fg^: Since the Wiener 
measure on ^{il^'^)) is unique (see e.g. Proposition L3.3 of [35]): it suffices to show that the canonical 

process B'^'^ is a Brownian motion on fl'^'^ under P: Let s < r < r' < S. For any £ £ ^(R*^), similar to (|6.ip . one 
can deduce that 

U-^{{B-' - Bp^)-\£)) = {Bl^^~Bl'^r\S). (6.2) 

Thus, p(^{Bf-Bpsy\£)^ = P;,'^(n-^{{Bf~Bpsy^{£))^ ^ Po*^^((B*f -i?*>^)"i(f )) , which shows that 

the distribution of B^,^ — Bp^ under P is the same as that of i3* — i?*'-^ under P^'^ (a d— dimensional normal 
distribution with mean and variance matrix (r' — r)Idxd)- 

On the other hand, for any A £ Fp^ , since H^^(A) belongs to Fp'^ , its independence from bI',^ — Bp^ under 
Pq^ and dO]) yield that for any £ £ ^(R'^) 

p(^An{Bp,''-Bp^y\£)') =Po*'^(n-'(A)nH-i((i?;;^-B,^'^)"'(£))) 

= P^-'^(u-\A))-P^^^[u-^{Bf~Bp^y\£)))=P{A)-p[{Bf-Bp^y'^ 

Hence, B^f — Bp^ is independent of Fp^ under P. □ 
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Proof of Lemma ll.3t 

(1) First, let ^eL^(j'|',P) andse[t,T]. For any yl e J'f , there exists an A e J"] such that A A A e o/f ^ (see e.g. 
Problem 2.7.3 of [27 ). Thus we have that J^£,dP = Jx^dP = £'p [^| J"*] dP = [^| dP, which implies that 

Ep[^\T^] = Ep[^\Tl], F-a.s. (6.3) 

Then it easily follows that any martingale X with respect to (F*, P) is also a martingale with respect to (F-'^, P). 

Next, let X = {Xsj^gjj be a local martingale with respect to (F*,P). There exists an increasing sequence 
{Tn}neN of F*— stopping times with P( lim ^ t„ = T ) =1 such that P* ^. , n £N are all martingales with respect 

to (F*,P). For any to e N, = inf{s e [t,T] : \Xs\ > to} A T defines an F*— stopping time. In light of the 
Optional Sampling theorem, X,-^Ai^„A- is a martingale with respect to (F*,P). Thus, for any t<s<r<T, one has 



= Ep 



= -'^T„Ai'„As, P-a.s. (6.4) 



X^ 



■J c 



Since P( lim t t„ = T ) =1, when n -> oo in (|6.4p . the bounded convergence theorem implies that Ep 

\n— ^-oc / 

= Xi^^As) P— a.s. Namely, Xy^/^. is a bounded martingale with respect to (F^,P). Clearly, {t'mj/ceN are 
F^— stopping times with lim \ Vm — T . Hence, X is a local martingale with respect to (F-'^,P), More general, 

fc->oo 

any semi-martingale with respect to (F*, P) is also a semi-martingale with respect to (F^, P). 

(2) The uniqueness is obvious and it suffices to show the existence for case E = M: Let {-'^^sjselt.r] be a real-valued, 
F-^— adapted continuous process. For each s S Qt,T, we see from (|6.3I) that 

X, = Ep [X, I J-*] = Ep [X, I J-f ] = X, , P-a.s. 

Set TV = {w G rj* : the path s Xs{uj) is not continuous } U U {X^ ^ X^jj G .yK^. Since XJ' = 

Xli=i"'"^~*''"' -'^f+iiii l{se[t+i— i i+i)}' ^ I''' ^ real-valued, F*— progressively measurable process for any n € N, 
We see that Xs = lim X"^ 1| jr^ x"<oo} ^^^^^ defines a real-valued, F*— progressively measurable process. 

Let uj G A/''^ and s G [t,P]. For any n G N, since s G [s„,s„ -I- -) with s„ ^ i + -L^^ one has 

_ n 

X"(a;) = Xs^(aj) = Xs^{uj). Clearly, lim f s„ = s, As n — oo, the continuity of X shows that lim X"(w) = 
\im Xs^{uj) = Xs{lu), which implies that Af" C {lu e fl^ : Xs{lu) = ^s(w), Vs G [i,T]|. Therefore, X is 
P— indistinguishable from X, and it follows that X also has P— a.s. continuous paths. 

Next, let {Xs}se[t,T] be a real-valued, F^— progressively measurable process that is bounded. Since ,!%'s = 
Xrdr, s G [t,T] defines an real-valued, F^— adapted continuous process, we know from part (1) that ^ has a 

unique F*— version jT. For any n G N, X]} = n{^s - ^(s-^ i/n)vt) is clearly an real-valued, F*— adapted continuous 
process and thus an F*— progressively measurable process. It follows that Xs = lim X^^l^ jr^ X"<oo} again 
defines a real-valued, F*— progressively measurable process. 

Set Af={ujen* : jr,(cj) ^ jr,(w) for some s G [t,T]} G JK^. For any w G A/"^, one can deduce that 

lim X"(cj) = lim n(^s — SCis-\ln)\it) — lim \ X^dr — ATs, for a.e. s G [i,?"], 

which implies that XsiiS) — Xsiuj) for ds x dP—a..s. (s,cj) G x 51*. 

Moreover, for general real- valued, F^— progressively measurable process {Xs}seit,T], let X™ be the F*— version 
of {X™ = (-to) V (Xs A to) I ._r, ^, for any to G N. Then Xg = ( lim X™)lr ,7-- defines a real-valued, 

F*-progressively measurable process. Let I? ^ U \(s,uj) G [t. Tlx 17* : X"'{lu) ^ X"'(uj)]. Clearly, ds x dP(V) = 

?rieN 

and it holds for any (s, w) G {[t,T] x n*)\V that Xs{uj) ^ Xs{uj). □ 
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Lemma 6.1. Given t e [0,T] and two {t,q)— parameter sets {^i,fi,l/,L^),{£,2,f2,l£,L^) with Pq(^L]. < L^, l\ < 



lI,\/s e [t,T]) = I, let {Y\Z\IC,K') e C^,([t,T]) x M^{[t,T],M.'^) x K^t{[t,T]) x K^{[t,T]), i = 1,2 he a 
solution of DRBSDE(^Pq, L\ L Y For either i = 1 ori — 2, if fi satisfies p.6p . then for any vo ^[l^q] 



Et 



sup \{Y}-Y^Y\- 

se[t,T] 



<C(T,n7,7)<^i?t[|(ei-6)+r]+^* 



(fi(r, F,3-i, Zl-^)-Ur. Yt\ Zl''^))+ dr 



Proof: Without loss of generality, let fi satisfy (|1.6p . Fix Tu^{\,q\. We assume that 



Et 



otherwise, the result holds automatically. 

A 



<oo, 



(6.5) 



For X = ^, F, Z, we set AX — — X^. Applying Tanaka's formula to process (Ay)+ yields that 



(Ay,)+ - (Ae)++ / l{AY^y^}{UrX,Zl)-h{r.Y?,Zl))dr 



dZr 



+ J l{AY„>o} (dKl - dfC - dxl + dKl) - j l{AY,>o}AZ^dB*, Vi < s < T, 

where £ is a real- valued, F*— adapted, increasing and continuous process known as "local time". Then we can 
deduce from Lemma 2.1 of [l5] that 



|(An)+r-|(Ano" 



07(07 — 1) 



l{Ay.>o}|(An)+r lAZ.pdr 



1{AF.>0} I {AYr)+f (fi(r, r/, Zi)-f2(r, Z2))rfr+n7 y 1{af.>o} | (A1;)+ {dfC-dfC-dKl + dKl) 
l{Ay.>o}|(Ar.)+r"'AZ,dB*--y l{Ay.>o}|(Ai;)+r"'d£., Vi < s < s' < T. (6.6) 



By the lower flat-off condition of DRBSDE(Po*, ^1, fi, L\ l\ it holds P^-a.s. that 



0<^ l{Ay.>o}|(A>;)+r 'dKl^j\^^^^y.^y.y\{LyY^Y 



Similarly, the upper flat-off condition of DRBSDE(Pq, ^2, f2, i^, i ) implies that Pq— a.s. 



iro-l ,—2 



-r2s 



7-1 ,-rT2 



-;^2, 



o<y i{Ay.>o}|(Ar.)+| dK^^J^ i^^_,^^,^^.j|(r;-L,)+| rf^.<y l{r^>L?,}|(V-i. 

Putting these two inequality back into (|6.6p and using Lipschitz continuity of fi in (y, z), we obtain 

■ r l{Ay.>o}|(An)+r"'|AZ,|2dr 



' 'dKl=0. 



|(Ay,)+r + ^-i) 



<|(An,)^r+^/ l{Ay.>o}|(Ar,.)+r ' (7|Ai;.|+7|AZ,,| + Af+)rfr-AZ,,dP* , Vi<s<s'<r, (6.7) 



where Af+ ^ (fi(r, i;^, Z^) - f2(r, F.^, ^2)) + . 

Since Cl^{\t,T]) C C^t([t,T]) and H!;''([i, T], M'') C mhr{[t,T],R'^) by Jensen's inequality, the Burkholder- 

F F F F 

Davis-Gundy inequality and Holder's inequality imply that for some c > 



E, 







sup 




se[t,T] 





ro-l 



l{Ay.>o}|(AF.)+r ^AZrdB, 



< cEt 



sup \AYr 

re[t,T] 



1/2 



(AK,)- 



|2ro-2 



AZr\ dr 



1/2- 



\AZr\ dr 



- '^\\^^\\c^^{[t,T]}\\^^\\Ml:^{[t,T]M'') ^ 
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which shows that 

{ //l{Ay^>o} I (AFr)^ P ^ AZrd-B* is a uniformly integrable martingale with respect to (F*, Pg) . (6.8) 

Then, letting s = t, s' = T and taking the expectation Et in ()6.7p . we can deduce from Holder's inequality, Young's 
inequality and (j6.5p that 



dr 



Et / l{Ay.>o}|(Anrr \^Zr\'dr 



sup \AYr 

re[t,T] 



j{T~t) sup \AYr\+jVT~t( [ lAZrl^drV^^ + [ Af^ 



e[t,T] 



I pi 

H£;j"([t,T],R'')^ * 



Af+dr 



<£;t[|Aer]+w^^> 

<^(l + 7(7^-i))||AF||e.([,^j) 
Hence, we can define an increasing sequence of F*— stopping times 

T„ = inf |s e [<,T] : ^ l{Ay,>o}|(AFr)+r"^|AZ,.fdr > ?i| AT, Vn £ N 



< CXD. 



such that lim -f t„ = T, Pg-a.s. Fix n e N. Since 

71— >-00 

i{AF.>o}|(Ai;)+p"Vz,| < ^|(Ar,) 

' ' vj— 1 ' 

letting s = r„ A s and s' = r„ in (j6.7p yields that 

iro TI7(n7 — 1) 



m— 1 
47 



l{AY.>o}|(Ai;)+r "\AZr\ dr, se[t,T], 



|(Arr„A.)" 



(Ai;)+| l|AF,.>o}|AZ,| dr < |(Ai;, 



/ |(Ay^)+r ^Af+dr 



Y^^+^W |(Ar,)+fdr-tx7 / l{Ay„>o}|(Ai;)+p"'AZ,di?*, se[t,T] 



(6.9) 



Taking the expectation we can deduce from Fubini's Theorem, (|6.8I) and Optional Sampling Theorem that 

07(137 — 1) 



Et 



/ l{Ay.>o}|(Ai;)+| \AZr\ dr 



•077 
n7— 1 



Et 



{AYr„^r) f dr, se[t,T], 



(6.10) 



A 



where ??„ = | (Ay^J+ f + w /^^" | (Ay^)+ ^ Af+dr. 

Let C(T,w,j) denote a generic constant, depending on T, 07,7, whose form may vary from line to line. An 
application of Gronwall's inequality to (I6.10p yields that 



Et 



AK 



zu(tu^ 1) 



Et 



iAYr)+\" ^\AZr\"dr<CiT,w,j)Et[rjn], s e [t,T]. (6.11) 



r„ As 



4Ay->o} 



which together with Fubini's Theorem shows that 



Et \{AYs)+\^ds<Et \{AYr„;,s) fds= E^ \{AYr„^s) \" ds < C{T,w,^)Et[r,„]. 



l{Ay.>o}|(Ai;)+|" 'AZ.dfi* 



Then we can deduce from (j6.9p that 



Et 



sup |(Ar,)+| 



< C{T,w,j)Et[vn] +vjEt 



sup 

.se[t,T] 
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The Burkholder-Davis-Gundy inequahty again imphes that for some c > 



Et 



sup 
-se[t.T\ 

<cEt 



'^{r<r^}'^{&.Yr>0} 



|(Ay^)+r ^AZrdBl. 



<cEt 



/ l{r<r„}l{AY'^>0} 



f^-^\AZrfdr 



1/2-1 



sup |(Ay^)+| 



u/2 



4Ay^>o} 



UAY^y 



AZr dr 



1/2. 



< Et 

-2m 



sup |(AF^)^ 

rG[t,r„] 



AZr rfr < — Et 



sup \{AYrY 

r6[t,T„] 



-C(T,tn,7)i;t[77„], 



where we used l|6.1ip with s = i in the last inequality. Since Et 
follows from Young's inequality that 



sup |(Ar,.)+| 

Te[t,T„] 



Et 



sup |(Ai;)- 

.se[t,T„] 



< C(T, 717, 7) Et [?7„] < C(T, tn, 7) <| 

<c(r,7Z7,7)£;J|(Ai;J+| 



'-Et 
2 



sup |(AKr)^ 

re[t,r„l 



sup |(Ayr)+r ^/ Af+rfr 



re[t,r„] 

+ C(T,tn,7)i;t 



Af+dr 



Hence, we have 



Et 



sup |(An)^ 

.s6[t,T„] 



<C(T,m,7)<^£;t 



AK 



Af+dr 



(6.12) 



Since AF G C— t([i,T]) and since lim t = Pq— a.s., the Dominated Convergence Theorem imphes that 
= Et[\{A£,)+\"^]. Letting n — cx) in (16.12^ and applying the Monotone Convergence Theorem 



lim Et 



I(A>VJ I 
on its left-hand-side lead to that 



Et 



sup |(ri-n2)+r 



<C{T,w,^){Et[\{£,^-£,2)+r]+Et 



(fi (r, , - f2 (r, , +dr j 



(6.13) 



Proof of Proposition [TTT} For either i = 1 or i = 2, if fi satisfies (|1.6p . applying Lemma EH] with m — q yields 



that Et 



sup Kni-n^^+i-/ 

sG[t,T] 



0. Hence, it holds Po*-a.s. that {AYs)+ = 0, or Y} < Y^^ for any s e [t,T] 



□ 



Proof of Proposition [TT2t For any m £ (1, q], it follows from Lemma [6. II that 



Et 



sup |(n^-n^)+r 

.sG[t.T] 



<C7(r,n7,7)<^ii;t[|(a-6)+r]+£;t 



(fi(r,r,2,Z2)-f2(r,y,2,Z2))^dr 



.(6.14) 



Exchanging the order of Y^, Y^ and applying Lemma |6. II again give that 



Et 



2 + 



sup \{Y,'-Y}) 
.se[t,T] 



< c(r, w, 7) I [| (6-ei)+ r] [ (f2(r, z,2) -fi(r, i;^ ^2))+ 



□ 

Proof of Lemma I2.lt (1) Set Q — {t,x,^,i') and fix s e [t,T]. For any s' G [t,s], one can deduce from (|l.ip . 
([^ and that 



which together with (|6.14[) implies (11.71 



sup |X®-x|<7/ ( l + |a::|-|- sup |X®-a;|-|-[/ir]jj-f Klyld?' + sup / a[r, , fir,i'r)dB. 



re[t,s'] 



Pq* - a.s. 
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Then Holders inequality, Doob's martingale inequality, (|2.2p . (|2.ip and Fubini's Theorem imply that 

<coEt[ (i + |.t|2+ sup \X^-x\^ + [fir]l+[i'r]'t)dr + coEt [ \a{r,Xf , fir,i^r)\'^dr 



Et 


sup ~ 


< coEt J 




rG[t,B'] 













sup A^ — a; 


dr+ CoEt J 









An application of Gronwall's inequality yields that 



Et 



sup — x\ 

re[t,s'] 



<coc^'°^{l + \x\^){s-t) + coc'^-^EtJ^^ {[^^r]l+Wr]l)dr, s'e[t,s] 
Taking s' = s gives (1^ . 

(2) Given x' e M*^, we set AXr = Xl'''^^'^''-Xy^^''•', Vr e [t,T]. By (EJ]), 

sup |AX^|<|x-a;'|+7 / |AX^|rfr+ sup / (^(r, X^'^^^^'', i/^) -^(r, i/^)) 

rG[t,s] Jt reft, si Jt ^ ' 



, Vse[t,r]. 



Then the Burkholder-Davis-Gundy inequality and (|2.2p imply that 



-Et 



sup I AXr I 

re[t,s] 



- c^Et 



\AXr\dr^ +(^J^ \AXr\^dr 
[ \AXr\dr\ + sup \AXrr^^( [ I AX, 

Jt J re\t,s] \Jt 



\dr 



7/2- 



\AXr\dr 









sup \AXrr 




re[t,B] 



As Et 



sup I AXr I 

re[t,T] 



< 1 + 2£;, 



sup IX^'^'^'^'P + sup IX^'^'-'^'H 



r6[t,T] 



re[t,T] 



inequality and Fubini's Theorem that 



Et 



sup I AXr I 

re[t,s] 



<Cro|a::-x'|"^ + Cro-Et / AX^ dr < c^^lx - x' + c^ 



, Vse[t,T]. 
< oo by (|2.7p . it follows from Holder's 

dr, Vse[t,r]. (6.15) 



E, 



sup I AXr' 

r'e[t,r] 



An application of Gronwall's inequality yields (|2.9p . 

(3) Next, Let us assume (piU)) for some A £ (0, 1]. Given ^' e Z^*, we set A^Yr ^ x*'^'^'''-X*^^'^'^'', Vr e [i,r]. 
By (I22D and imU)) . 



sup I A A", 

rG[t,s] 



■r I <7 r (l AA-r I +p;;(Mr, A^;)) dr+ sup r(a(r, X^-^'^-^ /ir, i^.) -^(^' X*'-''^>, l^r) 



Ids* 



Then one can deduce from the Burkholder-Davis-Gundy inequality, (|2.2I) . (|2.10p and Holder's inequality that 



Et 



sup |AA'r 

re[t,s] 

<c„St 



<c^i?t i^J^ \AXr\dr^ +(^J^ p^{fir,f^r)dr^ +(^^ (|AA'r|+p^(/ir,A^; 
^ lAA-rldr^ -f (^^ p2A(^^^^/^)^,.^ ^ ^ snp\AXrr/^(^J^ \AXr\dr^ 



2 \^/2' 

dr 



ro/2' 



re[t,, 

ii^t 

2 



sup I AAV 

rG[t,s] 



, Vse[i,r]. 



Similar to (j6.15p . it follows from Holder's inequality and Fubini's Theorem that 















Et 


sup lAAVr 


<c„y" Et 


sup 1 AAV' 1 ^ 


dr + c^Et 


[I Pl\t^r,t^'r)drj 




-'■e[t,s] 




.r'e[t,r] 





Vse[t,r]. 
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Then an apphcation of Gronwall's inequahty yields (|2.1ip . Similarly, with (|2.12p we can deduce (|2.13p for each 

j/'eV*. □ 

Lemma 6.2. Let Ml he a separable metric space with metric Pj^. For any two M.— valued, F*~adapted {resp. 
F'^ — progressively measurable) processes Y, Z, the nonnegative-valued process Pj^(Y,Z) is also F'^ — adapted {resp. 
F'^ —progressively measurable). 

Proof: Let {a;„}„gN be the countable dense subset of M and denote by 3§(M.) the Borel—a— field of M. We first 
claim that for any y, z e M and A > 0, 

Pj^iu, z)<X if and only if there exist nGN and r G Q n (0, A) such that a;„) < r and p^{xn, z) < A — r. (6.16) 

"<;=": This direction is obvious due to the triangle inequality. "=>": If p-^{y,z) < A, we let r be a positive 
rational number that is less than |(A — p-^^iv, z)) ■ There exists an n G N, such that Pj^iy, Xn) < r. By the triangle 
inequality, 

Pj^ixn,z) < p^{xn,y) + Pj^iy,z) <r + pj^{y,z) < A-r. 

So we proved the claim (|6.16p . 

Now, given two M— valued, F*— adapted processes Y and Z, for any sE [t, T] and A>0, (|6.16p implies that 

{cuen': Pj^{Ys{oj),Zs{uj))<X} ^ U U ({ojen':Ys{uj)eOr{xn)}n{ojen':Zs{uj)eOx-r{xn)})eJ'l 

which shows Pj^(Y,Z) is also F*— adapted. 

If Y and Z are further F*— progressively measurable, then for any sE [t,T] and A>0, we see from ()6.16p that 

{(r, io) e [t, s]xn': pjYriio), Z,(c^)) < A} 

= U U (\(r,u)e\t,s]xn^:Yr(cj)eOr{xn)]n{(r,u)e[t,s]xn*: Zr(ij)£Ox^r(Xn)])e^(^^ 
neN r-eQn(0,A) V ^ 'J 

Namely, p^{Y,Z) is F*— progressively measurable as well. □ 
Proof of Lemma 12. 2t We set 8 = (t, a;, p,, v). 

(1) For any x'gM'^, let ^{t,x' ,p,v) and AX = X®'-X®. The measurability of (/I", AX) and show that 

/±Gs,c^,y,z) =/|'(s,c^,2/,z)±7|AX,Hf/^ V(s,c^,y,z) e [t, T] x f^* x M x 

define two ^^(F*) ® ^(R) ® ^(IR'')/^(R)— measurable functions that are Lipschitz continuous in (y, z) with 
coefficient 7. We see from Holder inequality, (|2.16p and (|2.7p that 



f |/±(s, 0,0)1^5)" <coEt n \f^{s,0,0)\dsj + sup I AX, 



< 00. (6.17) 



Fix £ > 0. The function (f>{f) = + e)^^"^, p e M'^' has the following derivatives: for any i,j S {1, ■ ■ -jk} 
0(y) = ^ 0i-«(y) u and df^ 0(y) = ^ ^'-^(t) S,, + ^{l-q)^'-'\^) ^h- 
It is easy to estimate that 

|yp/^<0(?)<|pp/' + e'/^ |I?0(y)| = ^0i^ny)|y|<||?|'"\ VyeR^ (6.18) 
For any 3 e R''^'^, since trace[D'^4i{i)ii^) = |0^"3(}:) |3p + ^(l-g)0^^^''(j:) |3^y|^, we also have 

- - |y|'-' |3P < \{\-q)\l\^-^ \l? < trace{D'cb{^)if) < - jjp, Vp G RK (6.19) 
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Let us define J^^— measurable random variables ^± =/i(X|?) ± 70(AXt) as well as real— valued, F*— adapted 
continuous processes 

Lf = if ± 70(AX,) and if = If ± 70( A^s) , V 5 G [i, T] . 
Clearly, < Lf for any s e [i,r] and <^±<L^, PQ—a.s. Since 





sup |(/ 




< coEt 


1 A -.^ |2 

sup 


+ Co£ < OO 




-SG[t,T] 






-S6[t,T] 





(6.20) 



by and dUT]), we see from that ^^,1"^ G C^t([t,T]) and it follows that ^±eL9(J'*,). Then Theorem 

4.1of[15] shows that the DRBSDE(Po*,C±,/±, i"^, I ^) admits a unique solution (y^ , Z"^ , K"^ ,K^^ G G|,t([t,T]). 
For any {s,uj,y, z) e [t, T] x r2* x K x K'', the 2/g-H61der continuity of h, ((23)) and (|23)) imply that 

</^(Xf'H) <e+H, /-(s,w,2/,z)</f'(s,^,y,z)</+(s,w,2/,z), 
L;(l.) < Lf (c.) < and l7(c.) < if (l.) < I + (w). 

Clearly, there inequalities also hold if Q' is replaced by 6. Proposition [TTT] then yields that PQ—a.s. 

Y- <Yf{T,h{X^'))<Y+, and Y' KY^' {T,h{X^)) <Y+ , Vse[<,T]. (6.21) 

By (11201), the processes r± = y± =F l(t>{^Xs) , s e [t, T] are of C^* {[t, T]). Applying Ito's formula yields that 



- e±+y [/±(r,y±,Z±)±7((Z?(/.)(AX,))^A6,±-7trace(i?20(AX,)Aa,(Aa.)^ 



dr 



(6.22) 



where Ab^ = &(r, X® ,^,r,Vr) — h{r, Xf' , ii.r,Vr) , AfT^ = CT(r, Xf ,^r,i^r) ~ (^{r, Xf , iir,Vr) and = =F 
7 ((£>(/)) (AX^))^Acr^y To wit, {y^,Z^,K^,K^^ solves the DRBSDE^Pq*, I with 

/±(s,a;, y, z) = /± (s, l., y ± 70(AX,(c^)) , z ± 7 ((i^0)(AX,(c^)))^Aa,(a.)) ± 7 ((i^0)(AX,(a.)))^A6,(L.) 

±i7trace(^D20(AX,.(a;))A(Tr(w)(Acrr(a;))^^, V(s,w,y,z) e [t, T] x f7* x M x . 

The measurability of h, cr, X® , X®, /i, i^) and the Lipschitz continuity of f± in (y, z) imply that are also 
^(F*)(g).^(R)(g)^(R'')/^(R)— measurable functions that are Lipschitz continuous in (y, z) with coefficient 7. Then 
we can deduce from ((51^ . (|SJS|) . ((^ that 



|/^(s,0,0)|<|/±(s,0,0)|+7V(AX,) + |((D,/))(AX,))|(72|Aa,|+7|A6,|)+^|AX,|' ' |Aa, 
<|/±(s,0,0)|+co|AX,f/''+co£i/'', se [<,T]. 
Similarly, one can deduce from (|6.18p (12.21) . and (|2.7p that 



(6.23) 



St 



|((i^0)(AX,))^Aa,|'dsy^' <coSt 



AX J''/" ds 



q/2 



<CQEt 



sup |AXs 

sG[t,T] 



<oo, 



which shows that Z^ e H|''([i, T], R'^). Then Proposition [O] implies that 



sup 

se[t,T] 



<c^\Et[\^+-^^r] +Et 



I /+ (r, , Z- ) - /- (r, , Z- ) I dr 



(6.24) 
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Since 



f^(s,cj,Ys' - 70(AX,),Z7 - 7 {{D4>){AX,)fAas) + 27] AX 



1 2/9 



+27 ((D0) ( AX,) )^ Afe, + 7 trace AX,) Act, (Act, 
similar to (|03)) . the Lipschitz continuity of /I", ((67T9| . (|08l) and ((2?2]) imply that 

-r(.s,r-,z,-)| < co|Ax,|'/'+co£i/«, s e [i,T]. 

Putting this back into (lOil) . we can deduce from (|63T|) . ((08| and ((2^ that 
i;J sup \Yf{T,h{X^'))-Y^^{T,h{X^))\ 

-SG[t,T] 



1 




sup |y,+ -n"r 




sup |y+ -y-p 






.se[t,T] 




.se[t,T] 





sup 0(AX,)p 




2to 

sup AX, " 






.se[t,T] 




.se[t,T] 





+ £" > < c^{\x' - x\ " +6"). 



Then letting e ^ yields ([2rT9)) . 

(2) Next, we assume that /, 7 and h satisfy (|2.20p . that b, a are A— Holder continuous in u, and that / is 2A— Holder 

continuous in u for some A e (0, l/q]. For any /i' e U\ let 6* = (i, x, /^', i/) and AA' = X®* -X®. The measurability 
of (/J?, AA", /i) together with Lemma [6?2l and (|2.5p shows that 

f±(s,u;,y,z)=/^(s,u;,y,z)±7|AA',H|'/'±7P^/«(Ai',H,//,H), V (s, c^, y, z) € [t, T] x f7* x R x R'^ 

define two ^(F*) ® ^(R) (g) ^(E'^)/^(R)-measurable functions that are Lipschitz continuous in (y, z) with 
coefficient 7. Similar to (|6.17p . Holder inequality, (|2.16l) and (12.71) imply that 



(/ |f±(s,0,0)|d5)1 <coi?J( / |/|(s,0,0)|dsy+ sup \AX,\^+f {[f^'f^ + [^is]l)ds 



< 00. 



The function ip{-^) — ip^xl), y e R*^ has the following derivatives: for any i,j £{!,■■ •, k} 

— 2 2 

a, v(y) = i{|f|<fli}y, + i{|rie[fli,fe]}^'(lrl)|yr^r» + i{iri>_R2}-l?l'"^yi 
and dfjjj{f) = i{|j|<flj(5.y + i{|rie[fli,/?2]} ('/''(lyDlyr^^y - 1?!"''^?*?^ + V'"(lrl)|yr^yirj) 
+i{iri>fl2}(-|y|'~^% + ^(i-9)lrl'^'*y»rj)- 



We can estimate that 



— 2 2 2 

|-DV'(r)| = l{|r|<fli}|F| + l[\f\elRi.,R2]}^'i\f\) + l{|r|>fl2}-|yl'^^ < ^^V' + -I?!'" 



For any 3 G 



T>kxd 



Since 



1-2 LT„|2\ 



(6.25) 



+i{i,i>«2}(^|y|'''l3p + ^(i-?)|y|^l3^y|'), 



similar to (I6.19p . one can show that 



|trace(i?2^(y)33^)|<l{|j|=o}l3l' + l{o<|r|<i?,2}(l + ^r' sup 1VV'(A)+ sup W W\M + l{M>R,}-\^\"~^\i\^ 



Ae[i?.i,i?.2] \e[Ri,R2] 
< l{|f|=o}l3l' + l{|j|>o}'^v(l A |y|'"')l3p, Vy G R^ 



(6.26) 
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Let us define J^^— measurable random variables ri± ± 7-0(AAt) as well as real— valued, F*— adapted 

continuous processes 

=Lf± 7?( AA-,) and ^ If ± -f^AX^) , V s e [t, T] . 

Clearly, < '^f for any s e [t,T] and ^t<V±<^t^ P^-sl.s. Since V(A) < A^/-? for any A > 0, we see from 
(I2?7l) that 



sup 

.se[t,T] 



sup I A A-, 1 2 

sG[t,T] 



< CO. 



(6.27) 



Thus, e C^t([i,r]) by (j^l^ . and it follows that r;± eL9(J'*,). Then Theorem 4.1 of [TS] shows that the 

DRBSDE(Po*,ry±,f±,^±,;F=^) admits a unique solution ir±,^^,;F^) € Gl,t{[t,T]). For any (s, y, .z) € 

[t,r] X rj* X K X K'', (12201), (ESI and (P?^ imply that 

T]_{uj)<h{X^ (oj)) <T]+{oj), f_(s,w,y,z) < /I" (s,a;,2/,z) < f+(s,w,2/,z), 
< ^fiuj) < ^+(^), and ^-{l,) < ^fico) < ^ + (^). 
Clearly, there inequalities also hold if Q* is replaced by 9. Proposition 11.11 then yields that Pq— a.s. 

<^s^' {T,h{X^')) <&^+, and ^^,7 < {T, h{X^)) < , V s e [t,T]. (6.28) 

By (1123, the processes ^± =^^± T T^lAA-^) , s€[t,T] are of Qt([i,T]). Let 

A6, =6(r,Xf ,^^',,1^.) -6(r,Xf,Ai„i'.), A5, = a(r, If , ^i',, i^.) - (T(r, , ^i., i'.) 



and i;± = (ir± T7((i?V^)(AA'.))^Aa.), Vs e [t,T]. 

Similar to dHH), Ito's formula implies that (^^V^ , ^ , JT^ solves the DRBSDE(^P(*, 7/±, f±,^®,;F®) with 

f±(s,a;,2/, z) = f±(s,c^, y ± 7^(AA',(l.)), z ± 7 ((i^^)(AA',(L^)))^A5,(c^)) ± 7 ((i?^) (AA',(c^)))^A5,(^) 

±i7tmce(^D2V'(AA',.(a;))A5r(w)(A5^(w))'^), V (s, w, y, z) e [t,T] x f7* x M x K'^. 

The measurability of {j±,b,a,X^ , X®, /i', /i, z^) and the Lipschitz continuity of f± in {y,z) imply that are 
also ,!3^(F*)(g)^(IR)iX)^(R'^)/i^(M)— measurable functions that are Lipschitz continuous in {y, z) with coefficient 7. 
Then we can deduce from (I05)) . (j^ . ^JU^ and ([05)) that 

|P(s, 0,0)1 < |f±(s,0,0)|+72^(AA',) + |((I?V^)(AA',))|(72|ACT3|+7|A63|) + i7trace(i?2^(AA',)A5,(A5,)^ 

< |f±(s,0,0)|+72|AA',|'/Vco(Kv + |AA',|'"')(|AA',|+p^(Ai'„M.)) 

< I f± (s, 0, 0) I +coK^, (1 AA-, I +p^i^i'^ ,n,) + \AX,\ , ^,)) , se[t,Tl 
where we used the Young's inequality in the last step: 



(6.29) 



A A", 



Similarly, one can deduce from (|6.25p ()2.2p . (j2.10p . Holder's inequality and p.7p that 



(/ \{{D^){AX,)f 



< coEt 



^ + sup AA". 

se[t:T] 



Ads I ds 

2-q 



q/2' 



< CoEt 



sup [AA^ 

sG[t,T] 



(/^ (4 + |AA',|^ '){\AX4'+pfiti',,t,,))ds) 



q/2 
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1 1 2 

sup AA's 






.se[t,T] 





+ plif,',,ps))ds\ \+coEt 



1+ sup lAA-^l + / pl{p'^,ps))ds 

se [t,T] 



<oo, 
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where we used the Young's inequahty in the last step: 



sup |AA's 

sG[t,r] 



< 



(l-A)g , 2-q 



sup lAA-^l + ^ / pU^l'^,^l,))ds 



Thus, e lf^\[t,T],R'^). Then Proposition O implies that 



Et 



sup |^+ 
se[t,T] 



<c^lEt[\v+-V-r] +Et (^^ 



(6.30) 



Similar to (H^i), the Lipschitz continuity of f^, (p?^ . (1^ . (I^HI)) and imply that 



I 2/9 



+27p^^(/i;,,Ms) +27 ((i:'^)(AA'^))^A6^ +7irace(L»2;;j;(^^^)^~^(^~ )^ 
Putting this back into (|6.30p . we can deduce from (|6.28p . (|2.1ip and Holder's inequality that 



sup \Yr{T,h{xf))~Y,^{T,h{X^))\ 
.se[t,T] 



1 


<Et 


sup p 






se[t,T] 



< c^Et 



sup 

se[t,T] 



sup \ip{AX,)\ 

s£lt,T] 



< C^K^l Et 



sup I A A's 

5e[t,T] 



sup lAA'J " 



-a 



pl^{p's^Ps)ds 



{f pl\p's.Ps)ds) 



-Et 



-Et 



P^^{p's,Ps)ds 



□ 



IS a 



Hence, ^(1^ holds. The proof of ^(TI^ is similar. 
6.2 Proof of Dynamic Programming Principle 

Lemma 6.3. LetO <t < s <T. For any co e D,* and 5 > 0, 0|(a;) = |w' G D,* : sup \uj'{r) - uj{r)\ < sX 
measurable open subset of VL^ . 

Proof: Let a; G fi* and (5 > 0. Given uj' £ 0|(a;), for any uj" G 05/(0;') with S' ^ 6 — sup \uj'{r) — a;(r)|, one has 

re[t,s] 

sup |a;"(r) — uj{r)\ < \\uj" — uj'\\t + sup \uj'{r) — uj{r)\ < S' + sup |a;'(r) — uj{r)\ — S. 

re[t,s] re[t,s] r£[t,s] 

Thus Os'iui') C Og{uj), which shows that 0|(w) is an open subset of $7*. Moreover, since $7* is the set of R'^— valued 
continuous functions on [t, T] starting from 0, we see that 

OI{uj)^ {uj' en* -.luj'ir) -uj{r)\ < S} = {uj' e fl' : BI{uj') £ Os{uj{r))} e J'l □ 



Given t G [0, T] and ^ G *8*, we define 



A 



I{t, X, /3) = sup Yt 



, Vx G 



Taking supremum over p, gU* in (j2.18p and ()2.28p implies that 

l{t,x) < I{t,x,l3) <J{t,x), Va;G]R'=, 



(6.31) 
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and that 

the function x — I{t, x, f3) is continuous. (6.32) 

Similarly, for any a e A\ I{t,x,a) = sup ^7^^ /j(^^-^"<'')-)^ ^ {l{t,x)~l{t,x)) is continuous in 

x e M*^'. 

Proof of Theorem 12. It Let {t„}„gN denote the countable set Qt,T and let {r^,^ : /xSZ^*, /3 S S*} be a family of 



valued F*— stopping times. 



1) We fix e > 0. For any n e N and x G R'^, since u'i(t„, a;) is finite by (|2.27p . there exists a /?" S 03*" such that 

wiita.x) < /(t„,x,/3^) < wi(t„,a;) + ^e. (6.33) 

The continuity of /(t„, •, /3") by (|6.32l) and Proposition assure that there exists a 5n{x) > such that 

|/(t„,a;',/3;')-/(t„,x,/3^)| < ie, and |u;i(t„, x') - wi(i„, a;)| < ^e, V x' e Os^(,){x). (6.34) 

Given 71 G N, Lindelof's covering theorem (see e.g. Theorem VIII. 6. 3 of [M]) shows that there exists a sequence 
{xf },6N of R'' satisfying LJ^Of = M'= with O," = 05„(^j.)(xf ). For any i € N, let = We can deduce from 

(|03l) and ([04| that for any a;' e Of 

/(i„,a;',/3r) < /(i„,xr,/3r) + < wi{tr„x^) + < u;i(t„, x') + £• (6.35) 
Now, fix (/3, /i) G 58* X Z^*. We simply denote r^^/j by t and set 9 = (t, x, /i, . For any ri, i G N, define 

- {t = <„} n {xf^ e or\ u. O,"} e J"*, n J"*. 



Let m e N and = f^*\ U e J"*. Proposition liHH shows that 

A //3r('',nt,t„(w),7.), if(r,^)€lr,rU. = [t„,T]xAf forn,7e{l...,m}, 
\p{r,tu,u), if (r,c.)e [i,T|Ulr,rl^,„ 

defines a *B*— strategy such that it holds for Pg— a.s. w e il* that for any r e [r(a;),r] 

[(/3(/i)); , ifweA™. 

Let e„=(t,a;,/x,/3'"(Ai)). As on |i,T|, we see from (j^l^ that Po*-a.s. 

Xf- = Xf- = Xf = If, V,s e [t, r]. (6.37) 



Hence, for any J"*— measurable random variable ^ with " = if < ^ ^ L~ — L~"\ Pq— a.s., the DRBSDE(P*, ^, 
ff^^I^Z^'LrZ) and the DRBSDE(P*, ^, /f , Lf^.,L^^.) are essentially the same. To wit, we have 



(y«"(r,e),Z«'"(r,0,^^'"(r,0,^'''"(T,e)) = (^^''(r, C), ^^(r, 0, ^''(r, C), ® (r, 0) ■ (6-38) 
Since X®™ = Xf, Po*-a.s. by ((07| . it holds for Pg'-a.s. w e f7* that 

(e„)- = (T(c.),xf(„)(c.),A*^^-, (/3™(/i))" 
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Then applying Proposition 14.81 and Proposition 14.71 with 9 — 8m and ^ — we can deduce from ()6.36|) . 

Proposition mKl), (I^JSl) and ((05|) that 



Y 



T.hiX. 



(t,/.(. 



(6.39) 



< l|„e^„}7(r(w),Xf(„)(c.)) + ^ l{^g^,.}/(i„,X®(u;),/3r) < for P^'-a.s. w G 17*, 



(6.40) 



where = 1a„I(t, X^) + l^e^ [{wi (r, X,^) + e) A 7(t, X^)) . 

The continuity of 1 and (|2?29l) show that 7(r, Xf) , wi (r, ) e J"* , so is Also, we see from (PTTf]) that 

= 1_{t, Xf) < (r, Xf) < 1{t, Xf) = if and if = /(r, If) < e„ < 7(t, ) = if, - a.s. 
Thus both F®(t, f,„) and (r, wi (r, Xf )) is well-posed. Then Proposition 1 1 . 2 1 implies that 
\Y,^{T,U)~y^{r,w^{T,Xf))\<c4U~w,{T,Xf)\\^^^^^^^^ (6.41) 

Applying (fTTTj) with (C,r,C) = (^r, T, , applying Proposition [LT] to (|Og)) . and using for ^ = irn 

yield that 



< r,®(r,,i;i(T,Xf)) -(-co||lA„(7(r,Xf)-i(T,Xf))||j^,(^,^ +coe. 
Since U A" = fi*, one has lim | A„ = 0. By and Holder's inequality, 



|7(r,Xf)-l(r,Xf)||j^ < sup |7(s,0)|+ sup \l{sM+H\^' 
^ ^' se[t,T] se[t,T] 



Hence, the Dominated Convergence Theorem shows that lim | ||lyi^(Z(r, Xf*)— Z(t, Xf))|| , „ 
m — oo in (|6.42p gives that 



(6.42) 

(6.43) 
0. Letting 



Y, 



coe. 



Taking supremum over ^ d , we obtain 

w,it,x)<l{t,x,r) < supr/'^^'^^'^^'^^fr^,^, i^i(T^,;3,x^;rf +co^. 

Then taking infimum over /? e and letting e ^ yield ((230| . Similarly, one has ([23T|) . 
2) Next, assume (Va) for some A e (0, 1). We shall show the inverse of (|2.31l) . 

a) Fix {/3, fj.) ^ X . We simply denote t^_/3 by r. For some k > and some non-negative measurable process 
* on (fi*, J"^) with = i?t /t^^'r rff < oo, it holds dr x dPg-a.s. that 

[/3(r,w,w)]y <^',(t^) + KM„, VueU. 

Similar to (|6.104p . applying Proposition 14.31 with ^ = '^^dr e L^(J^^), we can deduce that for all w e il* except 
on a Pq— null set A/q 



^5 



(tj) < St 



(w) < oo. 



(6.44) 
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For any n E N, similar to (|6.105p and the conclusion that follows, it holds for all w G $7* except on a Pg—a-S. null 
set J\f^] that for dr x dP^" -a.s. (r,w) € [tn,T] x Q*" 



(6.45) 



Also, Proposition l4.6l (2) shows that there exists another Pq— null set Af^ such that z?*"^" g for any uj € (A/'n)' 



Now, let us set TO = ^ A (? > 1, clearly, Anj < ^ < 1. Also, we fix e e (o,\ A (4(7*)''""'). 



For 



^ |w e f2* : Et dr| J"* (uj) > e^S^ | e , one can deduce that 



P^iGl)<e—Et 



mdr 



(6.46) 



Let t{e) ^ [l - fog2^1- Given ? e N with { > 1(e), There exist a 5(5) > and a closed subset F{ of with 
Pq* (Pf) > 1 - 2-2* such that for any oj, uj' e Pj with - a;'||t < 6{i) 



sup sup p (^(r,cj,u),/3(r,cj',w)) < 2 

re[t,T] uSU 



(6.47) 



As G( = jcj e f7* : Pt [If^o |pt] (uj) > 2-*| e P*, similar to ((Oel . one can deduce that Po*(G{) < 2'Po*(P(^) < 2" 



Thus for G^ = U Gt, we have 

(>((£) 



Po*(G2)<2i-«(^'<£. 



Using (|4.2p . (|6.99p and applying Proposition l4.3l with ^ = li?c, we obtain that for all cjGil* except on a Pg—nuU 
set At 



b) As P^ = .^(fJ*) by (|1.4p . there exists an open set of fJ* that includes 



(6.48) 



Ge = G^ 



;i U G^ U A^o U f U Af^)u( U AA2) U f U AA{ 
and satisfies (see e.g. Proposition 15.11 of |40) ) 



Po*(0,) < P„*(Gi) + Po*(G2) +e<C^e^ +2e<- + 2e. 



(6.49) 



Fix n e N such that {r = t„}\Oe 7^ 0, we let a; G M'' and a; € {r t,i}\Os. Since /(<„, x, ^*"'") is finite by 



(|6.3ip . there exists a /i^^ € Z//*" such that 



Let fi = «:;,,=£(£) V 



1-Xm 



1 



1 



Given x' € O. 



applying (j2.19p and (|2.24p with t — tn and using Holder's inequality, we obtain 



(x) and w' e ({r = t„}nO^*^"- (w) 



(T,h(^Xj 
<co\x-x'\ " +cx(K^)'^Et„ 



)) 



(6.50) 
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ForanywGF>'"'"' = i^i"'"nF>'"\ since w'eO*- (a;), one has sup |(a;(^t„w)(r)- (w'®t„ w)(r)| sup |w'(r)^ 



t t ■ { ' ~ (5({) 

a;(r)| < 5(1). It then follows from ([CTT)) that for any r e [t„,r] 



re[t,t„] 



<2-2?<2-«(^) <£. (6.51) 
Since both w and w," belongs to {r t„} n n n 7V| n n (7V^) n (W^) ^ we see from (|OI)) and (|05l) that 

< 4i?,„ /' (^P*-")'dr + 4i?,„ r {^l-^-y dr + 8^' E,^ f [{^J^l ^Uj dr 

Jt„ Jt„ Jtn 



Et. 



< 2 



(w) + 4£;t 



(w')+e(2') <8e^+£(2*)' 



< 4^;^ 

and (|6.48p shows that 

p:,"{{Fi--r)<p^'^{{F:^-y)+pt{{F^--'r)=E^ 

Putting this together with (|6.5ip and (16.521) back into (|6.50p . one can deduce from Holder's inequality that 



(6.52) 



+c.(K^)-(i?,„[i])^[p*"((Fi— y) 



Ei 



dr 



+ca(«^)" Po'" P 



p 



Act 



< 



CA(AtvO"£^" + CA(KV'r(£'^ +£) +ca(^^)^(£'^ +£)^" < cxiK^^e^, 

where We used X < 1 < 2/q and 2^^' < 2^^'^'^) < e in the second inequality. Moreover, Proposition 12.11 assures 
that there exists a A„ G (0,£) such that |wi(t„,x) — wi{tn,x')\ < for any x' £ 0\^{x). Therefore, it holds for 



any a;' G OA„(a;) and w' G ( {r = tn) n O^^"- (w) ) \ Oe that 



,M:;.x,r"'"(M".x> 



>wi{tn,x)--e-CQK^e > wi{tn,x') - e - CQKjf,e > {(;i(t„, a;') - coK^-e 



(6.53) 



c) For any n G N, there exists a closed set P" of il* that is included in {r = i„} and satisfies Pg(P") > {PqIt 



tn} - Set 91 = {n G N : Pf ^ 0}. We claim that 9t 7^ 0: Assume not. Then U^Pf C O, and it follows 

A contradiction appears. 



nGN 
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Let n em. Wc sec from Lemma iS] that ^O^.x = )(^) ^ Ox^{x) : ujeF^'\Oe,x e R''^ together with 

{n*\{F^'\de)) X R'^ form an open cover of f2* x R*^. Since the canonical space 51* is separable, the product space 
fi* X R'' is still separable and thus Lindelof. Then one can find a sequence {(oj", of (F"\Oe) x M*^ such 
that {Fp\ds) xR'' d .^jpi- ■^it^ ^" ^ We assume without loss of generality that 

0'I^D'l\ U D"7^0, Vi>2 
j<i ■> 

and set D^* = Since {O^ (w) : w e (5 > 0} are all J-"*^— measurable by Lemma [^751 again. one can inductively 
show that each O" is a disjoint union of finitely many measurable rectangular sets {2lJ'* x 2;J'* : 2lJ'' € J-J^, € 

^(M'=)}^£^. For any * e N, we set («r,/3r,A^r) = («^, , /3*-"", mS". ■ 
d) We let 9 = [t,x, fi, (3{fj,)) and define disjoint sets: 

A]^' ^{t = t„} n 2i;^' n {x^ e e;^'} e Tl n J"*, V?! e 9T, i e N and j = i, • • •, Jf . 



Fix m e N such that 91™ = 91 n {1, • • •, m} 7^ 0. Setting = fl*\ f U U U A"A e J"*, we see from 
Proposition 14.91 that 



^ A J (Aif)^(nt,t„H), if (r,c^)e|r,T]^„,. = [i„,T]xA;''forne9l™, z = l---,mandj-l...,Jf, 
Mr (^) < .7 (6.54) 

[MrM, if (r,L.)e[t,T|ulT,ru,„ 

defines a Z^'— control such that for any (r, w) G |t, T] 

/ mNr.L. ^ f (m?)^, if w e ^J'' for n e 9t™, i = l---,m and j = •, Jf , ^ 

Let e,„^(i,a;,^™,/3(^'")). As ^'" = /i on |i,T| and thus P {fi"") = P (fi) on |i,T|, (^JSl) shows that P^-a.s. 

xf-^xf-^Xf=Xf, V,se[t,r]. 
Thus similar to (|6.38p . for any J^*— measurable random variable f with if" = < f < — ^q— a.s., 

(r§™(r,e),Z§-(r,0,^^'"(T,0,^^'"(T,e)) = (i^''(r,C),^^(r,e),^^(r,C),i?«(r,0). (6.56) 



Let n e 9l,„, i = 1 • • -,771, j' = l • • •, J" and a; € A"'* = A"'*\(0£ U A/"™), where J\f„i is the Pq— null set such that 
(^(Ai™))^''^ e V^^'^) for aU UJ e Af^ according to Proposition SH (1). For (r,w) e [t„,r] x 17*-, since A"'* e T^, 
Lemma |4J] shows that w (8)t„ G A"'*. Then one can deduce from (|6.54l) that 

(/3(a^'"»*"'"(S) = (/3(A*'"))^(c.®t„S) =/3(r,c.^t„w,M™(w®*„5)) 

Clearly, cjf e C {r = t„}\Oe- As w e I"^', we see that uj e {{t = i„} n 2lJ'')\Oe C ({t = t„} n 

05("tj.)«))\0e and that X«^(a;) G C OaJx^). Applying (l633l) with {uj,x,uj' ,x') = {ojf , xf , uj , X^Juj)) , we 
see from ([^1^ that 
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Using similar arguments to those that lead to (|6.39p . one can deduce from (|6.55l) and (|6.57p that 

+lNeA„u6a^(^(^)'^-%)(^)) ^ ^'"(^)' ^o-a.s. w e 17*, (6.58) 

where = l^c^no,- (^i " co^^e^) Vl(T,Xf ) + 1^^^^^J_{t, Xf) . 

e) Similar to (j6.4ip . we see from Proposition [TT2] that 

I (r, f„ ) - (r, {5i (r, ) ) I < CO 1 1 - i?i (r, ) 1 1 ^ < CO 1 1 1^^^ 



Then applying (PTf|) with (C,t,^) = (^r, T, /i (X®'" ) j , applying Proposition O to and using (|535)) for 

C = 'fm yield that 

> Y,''{T,w,{T,X^))-co\\l^^^oM^,X^)~l_{T,Xf))^^^^^ (6.59) 
Let = lim I Am — H Am- As m — oo in (j6.59p . the Dominated Convergence Theorem and (|6.43p show that 

/(i,x,/3) > r,Q(T,zl;i(T,Xf)) -co||l^^_uoJ^(T,Xf)-/(T,Xf))||j^,^^,^ -co^v-e^- (6.60) 
Given n £ ^ and a; € F"\Oe C {r = since (w, 

e (^;"\0e) X K*^, there exists i e N, such that 
(a;,Xt„(a;)) is in 5^ and thus further belongs to some aj^* x Sj^', j = 1, • • -^J^- To wit, a; G {t = t„}n2tJ''n{X4„ G 



f U F^Vo, = U fF"\Oel= U fFJ'XOeW U U U Al'^' = U U U U A"'', 
which together with (|6.49p implies that 

= 1 - ^ Po*(^^s") + Po{Oe) < + 3e. 

Thus, letting e ^ in (|6J0l) . we obtain 

/(t,x,/3) > f/'"''^'^<^>(r,{5i(T,X*---'^-^<'^>)). 

Eventually, taking supremum over /i € U* on the right-hand-side and then taking infimum over /3 G ?B* on both 
sides yield that 

Mt,x)> inf supr/'^''^'''<'^>(r,,^,^}i(r^,,,X*;-f''<'^))). 

3) For any {t,x,y,z,u,v) e [0, T] x M'^ x M x M'^ x U x V, we define 

i(Z, x) = — x), I(i, x) = — x), f)(a;) = — /i(a:) and j(t,x,y,J,u,v^ = —f(t,x,~y,~J,u,vy 

Given ^ e and S V*, we stih let 9 stand for {t,x,^.,v) and set = |(s,J('f) and = I(s,Xf), 
s e [t^T]. For any F*— stopping time r and any J^*— measurable random variable ^ with < C < , Pg— a.s.. 
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let (^®(t, 0, 0, ^®(^. 0) denote the unique solution of the DRBSDE(Po*, f , fQ,^f^., ^f,,.) in 

Gl,([t,T]), where 

Since ^® = -L® andlF^^-L®, multiplying -1 in the DRBSDE(P(5, f?,^?A - ^t^a ) shows that (-^^(t,^, 
-^e(T,0,-:^®(T,0,-^''(^,0)eG|,,([<,T]) solves the DRBSDE(Po*, -C, /.^, ifA-^^^A.)- To wit 

( - ^rQ(r, 0, -ir^(r, 0, -:F^(r, C), -^«(t, 0) = (^^(t, -C), Z«(r, -0, ® (r, -C),^«(t, -C)) . (6.61) 

Now let us consider the situation where player II acts first by choosing a V*— control to maximize f^*'^'"^'^^^'^^7^^ 
f) ^x^^'"^'^^''^^ ^ ^ where a G »4* is player I's response. So the priority value and intrinsic priority value of player II are 

XC2{t,x)= inf^ sup ^*'"'"<''>'"(r,()(x^"'"^''>''^)) and 1^2(^,2;)= inf ^ sup ^''"'"^'^^''^ (t, f) (l^"'"^'^^''^) ) . 

For any family {tj^.q : v£V* , a €.4*} of Qj.t— valued, F*~stopping times, applying p.30p yields that 

tt)2(t,x)< inf sup ^*'"'"<''>^''(T,,„,»2(T.,a,X*f;"<''>^'')). (6.62) 

For any (i, a;) e [0, T] x R'^, we see from (|53T|) that 

-tt)2(i,x)=sup inf -^*^"^"<''>^''fr,()fx!;"^"<''>^''))= sup inf (t, /ifl!;"'"^'^^''') Wu;2 (t, . 

Putting it back into (I6.62p and using (|6.6ip , we obtain (|2.32p . Similarly, we have (|2.33p and its inverse holds under 
(Ua) for some A € (0,1). □ 



6.3 Proofs of Section [3] 

The proof of Theorem 13 . 1 1 relies on the following comparison theorem for generalized reflected BSDEs. 



Proposition 6.1. Given t e [0,T] and i = 1,2, let ^ : [t, T] x J]* x R x R^ ^ R 6e a ^(F ) ® ^(R) ® 
^{W^)/S§{M)- measurable function. For some £ h"^ (T^) and U £ 'Ctf(\t,T]) {resp. C_;''([i, T])) with > 
{resp. <)Lij,, P^-a.s., let {Y\ Z\V\ K') £Cl,ti[t,T]) x M^{[t,T],R'^) x r^t{[t,T]) x %t([i,T]) be a solution of 
the following generalized reflected backward stochastic differential equation with lower (resp. upper) obstacle on the 
probability space 

in\J^T, Po ) {RBSDE{P^ ,i^.f^,L'), resp. RBSDE{P* ,i^,f^,L'), for short) : 

LI < {resp. >) r; = 6+ / UirX, K) dr+Vi.-Vl + {resp. -) {K'^-K\)~ [ Z^JB^., s £ [t,T], 

^ (6.63) 
(Y:-Ll)dK\ = 0. 



// Pq{£,i < ^2) — Pq {LI < L'^,y s £ [t, T]) ~ 1, if — V^ is a decreasing process, and if either of the following 
two conditions holds: 

(i) fi satisfies (HH) and ^i{s,Y^ , Z"^,) < f2{s,Y^,Zf), ds x dP^-a.s., 
(a) f2 satisfies and fi{s,Y} , Zl) < f2is,Y},Zl), ds x dP^-a.s.; 

thenP*{Y} <Ylys£[t,T])^l. 
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.A , 



Proof: We first sfiow the comparison for RBSDE(Po*, f,, L*), i = l,2: Let AX^X^-X^ for X = Y,Z,V. Similar 
to (|6.6p . applying Tanaka's formula to process (AF)+ and using Corollary 1 of [53], we obtain 



(An)+r-|(Ano" 



19 , lil- 1) 



4AY',>0} 



I (An) 



+ 19-2 



AZrrdr 



<qj^ l{AF„>o}|(Ai;)+|' \uirX.Zl)-h{rX,Zl))dr+qj^ 1{af„>o} | (Ar.)+ \dm + dKl-dKl) 

l{AY.>o}|(Ai;)+r"'AZ,dS*- ly l{Ay.>o}|(A>;)+r"'rf£,, Vi<5<s'<T, (6.64) 

where £ is a real- valued, F*— adapted, increasing and continuous process known as "local time". The flat-off 
condition of {Y^ ,Z'^ ,K^) implies that Pg'-a.s. 



o< / i{AF.>o}|(Ar,) 



^r^dKl 



Putting this back into (16.641) and using Lipschitz continuity of fi in (y, z) yield that 

, g(g- 1) 



1 rS^+l'J-ijt'i, 



|(An)+|^-|(AnO+r + ^^^£ MAY,^>o}\{AY,)+r'\AZA'dr 
<qJ\{AY^>o}\{^Yr)+\'~'[(^j\AYr\+-f\AZr\ + {h{r,Y^^,Z^,)~k^^^ 



, yt<s<s'<T, 



which is similar to ()6.7p except that w is specified by g. Then using similar arguments to those that lead to (|6.13p . 
we can deduce that 



0<Et 


sup |(An)+|' 


< coEt 


i(ci-6)+r 


+ coEt 


[(/ 




-se[t,T] 











(fi(r,y;,Zi)-f2(r,i;2,Z2))+rfr^ " 



0. 



Therefore, it holds P^'-a.s. that (AK,)+ = 0, or Y^ < Y^ for any s e [t,T]. 

Next, we consider the case of reflected BSDEs with upper obstacles: For either i = 1 or i = 2, as 
solves RBSDE(Po*,^i,f„L*), the quadruplet {Y\Z\V\K') ^ {-Y^-\ ~Z^~\ -V^-\ -K^-') solves the RBSDE 
(Po*,Sji,iO with = -Cs-i, = -L^^' and the generator 

Uis,u;,y,z) = -f3-.,(s,w,-y,-z), V(s,w,2/,z) e [t, T] x 1]* x K x 

It holds P(5-a.s. thatfi-fa = < and L^-L^ = -L^+^i < for any s e [i,r]. Also, the process F^- 
1/2 ^ _y2^^i is decreasing. For either i = 1 or i = 2, iff, satisfles and fi(s, Z.^"*) < f2{s,Y^^-\ Z^-'), 

ds X dPo*-a.s., then f3_, satisfies HH) and fi(s, Z*) - ^(s, Z^) = -f2(s, y^^-*, z^"') + fi(s, i;^-^ Z^-*) < 0, 
ds X dPo— a.s. Hence, all conditions to compare RBSDE(Pq, ^i, fi, L^) with RBSDE(Po, ^2, f2, -^^) are satisfied. 
Then we can conclude that Pp'-a.s., - Y^^ = -Y^ + Y} for any s e [i, T]. □ 

Proof of Theorem \3A\ 

1) We first show that wi is a viscosity subsolution of p.ip with Hamiltonian Hi when Uq = U Fi for closed 

■ieN 

subsets {Pj},eN of U. Let {to,XQ,ip) € (0,T) x R'' x Ci'2([0,r] x R''^) be such that wi{to,xo) = ip{to,xo) and that 
Wi — (fi attains a strict local maximum at {tQ,xo), i.e., for some Sq E (0,to A (T — to)) 



(wi - V')(i,a;) < (wi - </j)(<o,a;o) = 0, V(<,a;) G O^o (^0, a;o)\{(^o, a^o)} • 



(6.65) 



Let us simply denote {ip(to,xo), Dj:ip{to,xo), Dlip{to,xo)) by {yQ,zo,To). Since l(to, a^o) < ^{to,xo) = wi{to,XQ) < 
l{to,xo) by (|2.27p . it is clear that 



dip 



< 
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if i/i(to,a;o,yo,-2o,ro) =00. 

To draw a contradiction, we assume that when Hi (to, a^o, 2/o, -zo, Tq) < 00, 

A . f, , , r c^V 
g = mm ~ J 



((/3-Z)(to,xo),max|--^(to,a;o)-i?i(to,a;o,yo,2:o,ro), (¥'-0(to,a;o)|| > 0. (6.66) 

Then the continuity of and I implies that for some 5i G (0, 5q) 

{^-V){t.x)>^Q, y{t,x)^OsAta-xo). (6.67) 

As (p(to,xo) < I(to:a;o), we also see from (|6.66p that —^(^o, a^o) — ^^1(^0, a;o, yo, 2:9, Tq) > p. Thus, one can find an 
m G N such that 

-^(to,a;o) - £1 > sup inf lim sup H{t,x,y, z,T,u' ,v). (6.68) 

As (p e C^'^([0,T] X R''), there exists a. 5 < ^ A Si such that for any {t,x) e Os{tQ,xo) 



dtp, , dip 



1 



^^(i,a;)-^(io,a;o) (6.69) 
and \ip{t,x) - ip{to,Xo)\y D^ip{t,x) - D^p{to,xo) V Dl(p{t,x) - Dlip{to,xo)^ 



< 

~ 2m 



the latter of which together with (16.68^ implies that 



-(to, a;o) — - > sup inf lim sup H{t,x,(p{t,x),Dri:ip{t,x),D'^ip{t,x),u' ,v). 



Then for any u £ Vq, there exists a *P(w) G 1^™ such that 
3 

(to,a;o) - - £» > lim sup H (t,x, ip{t,x), Dx(p{t,x), Dl(p{t,x),u' ,'^{u)) 



and we can find a A(u) G (O, l) such that for any w' G Uq H Oa(m)('") 

-^(to,a^o)-|e> sup il(t,x,(^(t,a:),i?,(^(i,x),I?2(^(t,a:),u',<p(M)). (6.70) 

Let £>{u) = OA(«)(fi), G Uq. For any i G N, {D(u)}„gi?. together with U\ form an open cover of U. Since 
the separable metric space U is Lindelof, one can find a sequence {u]] of Fi such that C U 0{u)). Let 

{w^l^gN represent the countable set {w* }^ C Uq and let v be an arbitrary element of Vq. It is clear that 

«P(li) = Vlf .*P(wf) + l; ,1WGVo, VugU 

defines a ,f^(U)/,;^(V)— measurable function. 

For any u G Uo, since Uo = U C U D(ut-) = U £)(«£), there exists a £ G N such that u G D(m£)\ U D(uiA. 
We see from (p?7(I)) that 

d 5 

(io,a;o)-g6' > sup H{t,x,(p{t,x),D^(p{t,x),Dl(p{t,x),u,^{ui)) 



rif ,, — 

" {t,x)£Os(to,xo) 



= sup H{t,x,ip{t,x),Dxip{t,x),D^(p{t,x),u,^{u)), 

{t,x)£Osito,xo) 

which together with (|6.69p implies that 

-^it,x)-^g>H{t,x,ip{t,x),D,ip{t,x),Dlp{t,x),u,^{u)), y {t,x) eOs{to,xo), VugUq. (6.71) 
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Let p = inf {((/?— wi)(i, x) : (t, x) G ©^(to, xo)\0§_ (io, a;o)}. Since the set Os{to, xq)\05 (to, a;o) is compact, there 

exists a sequence {{tn,Xn)}nen of O5(to, a;o)\0| (to, a;o) that converges to some (t*,a;,) G ©^(to, xo)\0| (to, a^o) 
and satisfies p— lim |((p — Wi)(t„, x„). The continuity of Lp and the upper semicontinuity of Wi and imply that 

ip—Wi is also lower semicontinuous. Thus, it follows that p < {ip — wi)(t^, x^) < lim J, (</?— Iyi)(t„, x„) = p, which 

together with (|6.65p shows that 



p = min {((^-wi)(t,x) : (t,x) G ©^(to, a;o)\OA (to, a;o)} = {ip-Wi){t^,x^) > 0. 



(6.72) 



(6.73) 



Then we set p== 2(^1 \/ ^)r ^ ^'^'^ ^"^^ {(^J'^j)}jeN ^ sequence of O|(to,xo) such that 
lim (t,-, a;o) = (to, xo) and hm wi(t,-, Xo) = iiJi(to, a;o) = V'(^o, a^o)- 
As lim ('Wi{tj,Xj) — (p{tj,Xj)) — 0, it holds for some j G N that 

|wi(tj,a;j) - V3(tj,xj)| < ipto. 

In particular, <P(t,cj,u) = *P(m), (t,w,M) G [tj,r]xrj*J x U is a Vo-valued, ^(F*^ ^(U)/^(V) -measurable 

function. For any {t,u},u) G [t,-,r] x Q^i x U, if u G Di\ U Oj for some i G N, then 

j<i 

[*P(t,a;,u)]y = [*P(uj)]y < m + m[ui]j^<m + m[u]^ + mpj^{u,Ui)<m+m[u]^ + mX{ui)<2m+m[u],^; 

otherwise, [*P(t,w,u)]y = [^]v "^^^^ shows that *P satisfies p.25p with \l/ = 2m + [v]^ and k = m. Clearly, ()2.26p 
automatically holds for *p. Hence, *p G 25*^ . 

For any /i G W*^ , we set 8^ = (t^ , Xj, /i, *P(/i)) and define two F*j — stopping times: 

= inf {sG (t, , T] : (s, If-) ^ O|5(to, xo)] and = inf {sG (r^, T] : (s, If") iOsito,xo)\0. (to, a^o)} A T. 

Since |(r,X^^) - (to,2;o)| > T - to > (5o > (^i > |(5, one can deduce from the continuity of X'^'^ that 

T^<T and (r^,Xf;') G 9035(to,xo), Pq' " a.s. (6.74) 



Given nG N, we define g"(s) = A T, sG [0,T]. Then tJ^ = g"(r^)AC^ is an F*^ -stopping time. Applying 
(EHIwith (c,T,e)=(r;^, q"{Tf^), Wi {q"{Tf^), X J", )) ) , we can deduce from PropositionOand Holder's inequality 
that 



< coEt^ 
= coEt, 



< 



w, {r;,X%^) - Y^t^ (g"(r,), {q^\r,), X^j) \ 
Co(Po*(t"(r,) > C.))'^|i?t, [|s^i(C.,^f;) - ?.^/'(9"(r.),^5i(g"(r,),xf''(^^ 



By 



wi (Cm, <:) < {\L\ V |/|) (Cm, <L+'i*+i sup |xf 'f /^ 

se[tj,T] 



9+1 
2q 



(6.75) 



(6.76) 
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A 



A 



where = sup U(s,0) and Z* = sup U(s,0) . Similarly. 



se[t,T] 



Putting it and (|6.76p back into (|6.75p gives that 



<L + Z*+7 sup |X 



e,j2/9 



< 



co(Po*('7"(r,)>CM 



sup |X 

.se[tj:T] 



9+1 
2q 



(6.77) 



Since r„ < C, Pg— a.s. by (|6.74p and since hm | q^^{Tu) ~ t^, we see from (|2.7p that the right- hand- side of (|6.77p 
converges to as n — 7> oo. Hence, for some e N 



(6.78) 



A 



where = t^" ^""(t^) A C^- 

As ry, is an F*j— stopping time, the continuity of ip and X^'' show that iVf- — A s^X-"^^ — pij^ A s), 
s e defines a real-vahied, F*^— adapted continuous process. Applying Ito's formula to ^^^^ yields that 



J s J s 



(6.79) 



where iT/ = l{,<?^ji^,(^(r, X.^-) • a{r,X^-,^lr, J and 



As Lp£ C^'^ ([t, TjxR*^) , the measurability of b, a and *p show that both iF'' and P are F*^ —progressively measurable. 



{r, A G Osito,xo), V,s e [t,,r]. 



(6.80) 



we see from the continuity of ip that is a bounded process, and we can deduce from p.ip . p.2p as well as 
Holder's inequality that 



Et- 



T \ q/2 



( 



1 + \Xl 



^Jis\^+[mfi))s\^) ds 

q/2 



q/2' 



(6.81) 



<coC^|(l + |xo| + <5)V(^i?t,^ [Ai^d^y^ +[EtJ^ [{^{fi)),]ldsy |<cx), i.e. JT^ G H^f^. ([i, T], M'*) 



where C<^ = sup |Da;V5(t, x) | . Moreover, ()6.80p and (|6.67p imply that Pg— a.s. 

(t,x)£Os{to,xo) 

> ISr, A s, 1^;^J + - pT > i(f^ A s, X^^^^) = 4-^,, £ [t„ T], 

which together with (l6J9l) shows that { (^/, 0, 0) }^ solves the RBSDE(Po^ ^y^, f'',i?;;.) (see (lOSl) '). 

Since < Ty, < and since Wi(t,a;) > wi{t,x) for any (t,a;) G [0,r] x R'^, we can deduce from (|6.72l) that 
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Also, dn^, (pTT|) and (H^ show that for ds x dP^' -a..s. {s,uj) G [tj,T] x 



> 1 



{S <T 



solves 



RBSDE(Po^^Dl(f^,X|^^''),/y . As is Lipschitz continuous in (y,z), we know from Proposition 16.11 

Y M M M / A* 



that Pq^— a.s. 

Letting s = tj and using (16.78^ . we obtain 

where we used the fact that tj>to — jS>to — jSo> jIq. Taking supremum over fi e 14*^ gives that 

^{t„x,) ^ hto > sup y/;--^''P<^>(9"''(r,),zl;i(,'V(,^),i;q*^ _ (6.82) 

Let {t^,^ : fi&U*^ , /?S*B*J } be an arbitrary family of Qt^.T— valued, F*j — stopping times such that r^^tp — 5"^" (r^) 
for any fieU*^. Then ((OS)) . ((6J31) and Theorem O imply that 

> inf sup Yl^'^-'''^^'Uq-^{r,hw^(q-^{r,),X^^^^^^^^^ - Jpio 

1 _ 3 _ 

> wi{tj,Xj)--ptQ>if{tj,Xj)--pto . 

A contradiction appears. Therefore, Wi is a viscosity subsolution of p.ip with Hamiltonian Hi. 

Similarly, one can show that wl is also a viscosity subsolution of (|3.ip with Hamiltonian Hi when Uo = U 



for closed subsets {-FijigN of U. Using the transformation similar to that in the part (3) of proof of Theorem 12. 11 
one can show that if Vq is a countable union of closed subsets of V, then W2 and 1^12 are two viscosity supersolutions 
of p.ip with Hamiltonian H_2- 

2) Next, by assuming (Va) for some A e (0, 1). we shall show that Wi is a viscosity supersolution of p. II) with 
Hamiltonian H^. Let (to,xo,(p) € (0,r) x R'' x C'^^^{[0,T] x R'') be such that Wi(io,a;o) = ^{to,xo) and that 
Wl — (p attains a strict local minimum at {to, xo), i.e., for some S (O, to A {T — to)) 

{wi - v){iix) > {wi - ip){to,xo) = 0, y{t,x) e Os„{to, xo)\{{to, xo)} ■ 

The continuity of I, J and (f2?27| imply that x) < x)<J{t, x), V (t, x) G [0, T] xM''. So it suffices to show that 

T^a.-K^—^ip{to,xo)-H-^{to,xo,(pito,xo),Dxipito,xo),Dlip{to,xo)),i(p-l){to,xo)^ > 0, (6.83) 
which clearly holds ii iii(to,xo,ip{to,xo), Dx:(p(to,xo), Dlip{to,xo)) = -00. 
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To make a contradiction, we assume that when i?]^ (^o, a^o, <y2(^o, a^o), ^^^'(io, a^o), -D^(y5(io, a^o)) > — oo, (j6.83p 
does not hold, i.e. 

Q = min| — (^(io,a;o)+iii(io,a;o,'^(to,a;o),£'a;<y5(to,a;o),£'^¥'(io,a;o)), (?-¥')(io,a:o)| > 0. 
As ip€ Ci'2([0,T] X R*^), there exists a u G Uo such that 

^ 3 9 

lim inf H{t,x,(p{t, x), D^ip{t,x), Dlip{t,x),u,v) > -g - —Lp{to, xq). 

{t,x)^(to,xo) "evo 4 dt 

Then by the continuity of ip and I, one can find a (5 G (0, (5o) such that 

^ I d - 3 — 

mi H{t,x,(p{t,x),Dxip{t,x),D'^ip{t,x),u,v)>—g~—ip{t,x) and {l — ip){t,x)>—g, ^ (t,x)€lOs{to,xo). (6.84) 



2^" dt 



Similar to (|6.72p we set p = min|(w]^— ip){t,x) : {t,x) G Os{to, xo)\0 s_{to, xq)} and p= -riz- — ^tt^ > 0. Let 



{{tj,Xj)} j^j^ be a sequence of O^{to,xo) such that 



2(1 V7)T 



lim {tj,Xj) ^ {to,XQ) and lim wi(tj, x^) = Wi(io, a;o) = (/^(io, a;o). 



J->-00 



As lim (wi{tj, Xj) — (p{tj,Xj)) — 0, it holds for some j G N that 



\wi{tj,Xj) - ip{tj,Xj)\ < -ptQ. 



(6.85) 



Clearly, /tg = u, s G is a constant W*^— control. Fix /? G *B*J . We set Qp = (tj,Xj,'jl, P(fl)) and define 

two F*J —stopping times: 

=inf{.sG(i,,r]: {s, xf') ^O.^sito,Xo)} and C/3 = inf {s G (r^, T] : (s, ^) ^ ©^(to, a;o)\0| (to, a:o)} A T. 



Since \ {T,X^^) - {to,xo)\ >T-to > Sq > j6, one can deduce from the continuity of X^^ that 

Tp<T and {Tf,,xf;) edOis{to,xo), P^' - a.s. 



(6.86) 



Given n G N, we define g"(s) = -t^AT, s G [0,r]. Then = g"(T-^)AC/3 is an F*^ -stopping time. Similar 
to ((6J71) . applying ([2Tf| with (C,t,^) = (^r|, g"(T^j), wi (g"(T^j), X^^/^^^-,)) , we can deduce from Proposition O 
Holder's inequality and (12.31) that 



< 



Co(Po*('Z"(^/^)>C/^) 



2g 



1 + 



sup |As 



(6.87) 



Since ta < -Pn— a.s. by (|6.86p and since lim | g"(Tfl) = ta, we see from (|2.7p that the right-hand-side of (|6.87p 

n— >oo 

converges to as n — >■ oo. Hence, for some n„ G N 



(6.88) 



A 



where r^g = t^"" = ^"''(t/j) A C/3- 



As is an F*j — stopping time, the continuity of ip and X^i^ show that = A s,X^'^^^) -I- p(773 A s), 



s G [tj,T] defines a real- valued, F*^— adapted continuous process. Applying Ito's formula to ^^'^ yields that 



J s J s 



(6.89) 
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where iT/ - l{,<y^}i?,</,(r, ^) • a(r,xf^u, and 

As e C^^^ ( [i, TjxM'^) , the measurabiUty of b, a and /3 show that both and are F*j —progressively measurable. 
Since it holds Pq— a.s. that 

{?p A e 05(^0,2:0), Vs e [t,,r], (6.90) 

we see from the continuity of f that is a bounded process. And similar to (|6.8ip . we can deduce from (|2.ip . 
{23) as well as Holder's inequality that Sf^ G H^f^. ([i,r],R''). Moreover, (jOH)) and (jOi)) imply that Fo*-a.s. 

which together with (|6:89)l shows that { (^/, iT/, 0, O) }^ ^^^^ solves the RBSDE(Po^ ^y^, f^,!?/^.) . 
Since Tp <Tj3 < and since < wi{t,x) for any (t, a;) € [0,T] x M*^, we can deduce that 

< < ^(r,, X^;) + pT < ^(f,, If ) + p < Ml (r,, Xf ) < X^f) . 

Also, (|On)) . ([Oil) and {23]) show that for ds x dPp^-a.s. (s,w) e x rj*^ 

ffM < i{.<?,M}|-p-ie + /(5,w,x^H,^/H-ps,jr/M,u,(/3(M)^ 
< /f (.,c.,^^/H,^/H). 

Clearly, {?p,w^ (r^, xg^)) , (f^,, {?p,X^;)),K' (r^, (?^, ^f )) , t (r^, z^i X^f))) solves 

RBSDE^^Pq^ , wi (t^, , /f , Ly^'^^J . As /f is Lipschitz continuous in {y,z), we know from Proposition 16.11 
that Pq^— a.s. 

< ?f ^ (r^,.Bi(f,,xf )) , V. e [t„r]. 

Letting s = and using (16. 88^ . we obtain 

< Yl^,^--'^'^'\<r'{rplwi{^^^ (6.91) 

where we used the fact that tj>to — jS>to — jSo>jto. 

Let {Tf^_i3 : ^€U*i , /3g *B*^ } be an arbitrary family of Qt^^T— valued, F*^ — stopping times such that r^^^ = q"-f (r^) 
for any /3 G S*^ . By {Ml]), it holds for any /3 e *B*^ that 

^(t„x,) + ^pto < ?//--^-^<'^>(r,,,,^)i(r,,,,%;-P-^<«))+ip^^ 

< sup (r,,,,zJ;i(r,,,,X>-^-.'^<-))) + \pt,. 

Then taking infimum over /3 e S*^ , we see from (16. 85^ and Theorem 12.11 that 

if {t, ,x.j) + - pto < inf sup ?// '^'''^''^ (r^,^ , wi (r^.^ , 1*-;^ ''^'^ ) ) + j pio < (ij , ) + ^ pio < ^(t, , a:^ ) + 7 P^o • 

A contradiction appears. Therefore, Wi is a viscosity supersolution of (j3.ip with Hamiltonian H_i under (V;\). 

Using the transformation similar to that in the part (3) of proof of Theorem 12. li one can show that W2 is a 
viscosity subsolution of (|3.ip with Hamiltonian H2 given (Ua) for some A £ (0, 1). □ 
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6.4 Proofs of Section 31 

Proof of Lemma [iH Set A ^ \ A C : A ^ U (lu^s^") >■ For any A e A, we claim that 

w f^'' C A" for any u e A''. (6.92) 

Assume not, there is an a; € A'^ and an w € il* such that w (8)s cD G A, thus (w (8)s w) 0^ C A. Then 
w S w <8)s i^'* = (g)s w) (X)s ri'* C A. A contradiction appear. 

For any r e [t, s] and £ e ^(M''), if w e (S*) " {£) , then for any w e fi", (g)^ w) (r) = uj{r) e £, i.e., cj 05 Lij S 
{B*)'^{£). Thus w rj'* C (B*)"^(f ), which implies that (B*)"^(£) e A. In particular, e A and rj* G A. For 
any A e A, dnmi) implies that yl= e A. For any {yl„}„gN C A, U yl„ = U ( U (uj(^sV,'')] = U (1^(8)51]'*), 

riGN neN\weA„ ^ cjG U A„ ^ ' 

namely, U An G A. Thus, A is a ct— field of il* containing all generating sets of J^* It then follows that J^f C A, 

neN 

proving the lemma. □ 

Proof of Lemma l4.2t Let A be an open subset of il*. Given uj G A'^'", there exists a S such that ©^(^(gjsCj) C A. 
For any 2' G 05(0;), one can deduce that sup | (w 0^ '^')(^) ~ (w®si')(r)| — sup |S;'(r) — cj(r)| < 6, which shows 

r£[t,T] re[s,T] 

that w (8)s w' G 05(0; (X)s w) C A, i.e. w' G A'*'". Hence, A^''^ is an open subset of il'' . If A is a closed subset of il*, 
then (A'^)"''^ is an open subset of and it follows from (021) that A'-'^ ^ {{A^y-'^y is a closed subset of 51'*. 
Next, let r G [s,T]. For any t' G [t,r] and £ G ^(R'*), we can deduce that 

if i' G [t,s) and a;(i') G 
0, it t' e[t,s) and u{t') ^£; 

{uen^: w{s) + e£} = {Biy\£') G T'^, if t' G [s, r], 

where £' = {x - u{s) : a; G f } G S§{W^). Thus ah the generating sets of Fl belong to A = |a C fl* : G 

In particular, 0, il* G A. For any A G A and {A„}„gN C A, we see from (|42)) and (|44)) that [A")"''^ = (A"'")^ G J"^ 

and ( U A,,") ' = U A't:'^ G J"^, i.e. A", U A„ G A. So A is a a-field of it follows that Fl C A, i.e., 

V neN / neN neN 

A'^'" G J",* for any A G J"^- 

On the other hand, since the continuity of paths in 51* shows that 

w®, 51" (tj' G 11*: tj'(t')='^(i'), Vi' G Qn [<,s)| = n {Bi)~^(uj{t')) Fl (6.93) 
L J t'eQn[t,s)^ ' ^ ' 



For any A G J-"^, applying Lemma [TT^ with S = T gives that IIj ^ (A) G J^*, which together with (|6.93p shows that 

w (g), I = n^;] (I) n (cj ®^ 5i") eF*. □ 

Proof of Proposition [471} Let ^ be a J^— measurable random variable for some r G [s,r]. For any Ai G ^(M), 
since ^~^(A^) G J^*, Lemma [4.21 shows that 

(C'^y^M) = {w G 51" : w) G X} = {(^ G 5^" : w®, w G r^(X)} = (C^M))"'"' G -F^ (6.94) 

Thus ^"'"^ is J^"— measurable. Next, consider a M— valued, F*— adapted process {Ar}re[t,T]- For any r G 

and M G ^(M), similar to ^Ml, one can deduce that {Xp'^y\M) = (^-^(X))^^" G F^, which shows that 

{^-''"}.e[.,T] isF'-adapted. □ 

Proof of Proposition 14.21 For any £ G ^([t,To]) and A G J^^^^, Lemma [421 shows that 

X A)''" = {(r,5) G [.s,ro] xfl':{r,uj®s^)e£xA}^ (£n [s,To]) x ^"^"^ G ^{[s,To]) ® F^^. 

Hence, the rectangular measurable set £ x A G A^o = C [t,TQ] x 11* : P"''^ G ,^[[s,To]) (X) In particular, 

X G Ato and [i,ro] x 51* G Atq. For any I? G Atq and {I?„}„eN C Aj-q, similar to (14. 5p . we can deduce that 
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(([i,ro] X n*)\vY''^ = (2?"^'^)" e ^([s,To]) (g) , and that f U I?„V'" = U 2?f-" € ^([s,To]) ® . Thus 

" V nGN / nSN \ / u 

is a (T— field of [t, Tq] x fi*. As the product tr— field ^{[t, Tq]) (E) J-^o generated by all rectangular measurable 
sets {£ X A: £ e S§{[t,To]), A e we can deduce that ^{[t,To\) ® C Ato, i.e., V'-"^ e ^([s,To]) (g) J'-f^j 

for any V £ .S§{[t, To]) «) 

Let {Arr},g[(.T] be an M— valued, measurable process on (ri',J^^). For any M S ,^(M), since X~^{M) S 
3§[[t,T]) ® J^^, applying the above result with Tq = T yields that 

{X"^'^y\M) = {(r,<i) e [s,T] X f^'': A:;^"(w)eM} = {(r,^;) e [s,T] x ft' : Xr{uj ®s ^) eM} 

= {{r,^) € [s,T] X (r,w®,w)eX-i(X)} = (^-^(TW))'^'" G ^([s, T]) ® J"!, 

thus is a measurable process on (fi", J^f,). 

Next, we consider an M— valued, F*— progressively measurable process {Xr}re[t,T]- For any Tq G [s,T] and 
M e ^(M), the F*-progressive measurability of X assures that V = {{r,uj') G [i,To] x Jl* : ^^(a;') G A^} G 
^([t,Tn]) «) thus V"-'^ G ^([s,To]) (g) It follows that 

{(r,w) G [s,To] X : X^''^{[3)eM} = {(r,S) G [s,To] x : Xr{uj(g),[3) G 7W } 
= { (r, w) G [s. To] xn': (r, ®, 23) G P } = P^'" G ^([s. To]) ® 

which shows that {AT^'^j^^j^ is F"— progressively measurable. 

Moreover, for any V G ^(F*), since = {lv{r,uj') : r G [i, T], G r2*} is an F*— progressively measurable 
process, (ip)'''" = l-ps.oj is an F''— progressively measurable process, where we used the fact that 

(lx))''"(r,w) = lx)(r,w(g)s w) = lx,.,o. (r, w) , Vr G [s,T], w G 

Thus, P"'" G ^(F"). □ 

Proof of Corollary I4.lt Similar to the proof of Proposition 14.21 one can show that for any V G ^(F*) and 

M G ^(M), {VxMY'"^ ^V'^'^xM G ^{Y')®S§{M), andthat a = {j C [t,T]xf7*xM : J^^'^ G ^(F«)®^(M)} 
forms a cr-field of [i,T] x f7* x M. Thus it follows that ^(F*) ® ^(M) C A, i.e., J^"'" G ^(F") (g) ^(M) for any 
J^G ^(F*) (g)^(M). 

Next, let / : [i, T] x f7* x M -> M be a ^(F*) (g ^(M)/^(M) -measurable function. For any £ G ^(M), 
the measurability of / assures that J = {{r,uj' ,x) G [t,T] x f]* x M : f{r,uj',x) G £} G ^(F*) (g ^(M). Thus, 
J'''^ = {{r,u,x)&[s,T] xQ' xM: /"^" (r, w, x) g£} G ^(F^) g)^(M), which gives the measurability of/"-". □ 

Proof of Lemma [HD Set A = {cj' G r2* : t(w') = t(w)}. For any c G M'', ^-^(c) = {cj' G f7* : ^(w') = c} G J"*, 
thusC-i(c)nyl G SincewGA^ U ^(^"i(c)nyl) , we can find some c G R'^ such that a; G C"^(c)nA G -7^*/^). 

Then lemma [iH implies that oj (g^ fi'^^") C n A. It follows that C'^i^) = ^l^^ (Xir ^5) = ^(cj) = c for any 

w G It is clear that r G J"*, thus r(w g)^ w) = r^'"(w) = r(a;) for any uj G l^^t'^l □ 

Proof of Proposition [4731 Fix s G [t, T]. Let us first show that 

EslS,"''^] = Et[^\Tl] (uj) G M, for - a.s. uj G QK (6.95) 

In virtue of Theorem 1.3.4 and (1.3.15) of |45| . Pq has a regular conditional probability distribution with respect 
to J^l, i.e. a family {P^lcjgn* C T'* satisfying: 

( i) For any A G the mapping uj P^{A) is J^]— measurable; 

( ii) For any ^ G (J"^) , £;p^.. [^] = [^| J"*] (w), for Po* - a.s. uj G Q*; (6.96) 
(in) For any w G 17*, P^"(a; g)^ f]*) = 1. (6.97) 
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Given ut G fl*, since ut 0s A £ for any A S by Lemma [4.21 one can deduce from (|6.97p that 



defines a probability measure on (17*, J^f.). 

For any A e T^, ((OTI and (|6J6)) implies that for Po*-a.s. lo e 

p^'-{A) = p-(c. ®, I) = ((w ®. ^1 n n,-i(I)) = Pr (n,-;l(I)) = e, 



I - 7^' 



It is easy to see that Ilfl{J^^) — ai^Bl — Bl;r e [s,P])- Thus Ilfl{A) is independent of J"*. Applying Lemma [TT^ 
with S = T yield that for Pp-a.s. w e fi* 



P"-"(A) = Pt 



1 ~ I TT* 



(^) = Pt 



P^{Ull{A)) = P^{A). 



Since is a countable set by Lemma [TTTl we can find a Pq— null set JV such that for any oj E JV^, P"'"^ (yl) = Pq (^) 
holds for each AeC^[j{n'}. To wit, C|, U {17"} C A ^ |l e : P"'"(I) = PJ(A) for any a; e TV^j. It is easy 
to see that A is a Dynkin system. As is closed under intersection. Lemma 11.11 and Dynkin System Theorem 
show that J^f, — cr(Cy) C A. Namely, it holds for any uj e A/"^ that 



P''''^{A) = P^{A), MAeF^. 
Let A S F^. For any w e we have 



(6.98) 



(6.99) 



By (EJH), there exists a Po*-nuU set N{A) such that P5"(v4) = P* [l^lPl] (w) G M. Given w e (A/"^ U7V(A))^ since 
A"'"^ e by Lemma lU we see from (|6J9)) . ([QS]) and (|6J7)) that 

P,[(l^)"'"] = P,[l^=..] =Po"(^"'") = P"'"(A"'") = P,"(c^®,^"'-) 
= Pr ((c^ ®s n A) - P,"(A) - Et [1a|P*] (c^) e M. 

Then it follows that (|6.95p holds for each simple J^^— measurable random variable. 

Now, for any ^ G (-^t) ' "^^^^ approximated from below by a sequence of positive simple J^^— measurable 

random variables: ^„ = J2 ^^A„ with yl„ = {^+ e ^)} G It is clear that lim t ^.j;'" = (^+)'*'" for any 

1=1 n-i-oo 

OJ € ri*. Then Monotone Convergence Theorem implies that for Pq— a.s. w £ fi* 



P., 



= lim t Ps [e"] - lim t Et [6. |P*] (c.) - P* [^+ |P*] (w) < 



(6.100) 



Similarly, P^ (C")'''" = Pj |P*] (w) < oo for P^'-a.s. w e which together with (|6.100|) shows that (|6J5)) 
holds for both |<^| and ^. Let r take values in {<n}„gN C [t, P], it then follows that for Pq— a.s. cj e fi* 



riGN jiGN 

= EiM-)=t"}^t[ICII-^r]M = i?t[ICI|-^*](^)e [0,oo) 



Similarly, we see that (14. 6p holds for Pq— a.s. a; e fi* 



□ 



Proof of Corollary 14. 2t Given a Pg'-nuU set TV, there exists an A e P^ with Po(A) = such that N d A. 
For any a; G fi*, applying (j6.99p with s — t{uj) gives that (l^)"^'"^ = Ia^ ^^; Also, (|4.3p and Lemma [4.21 show that 
A/"^'" C A-"-"^ e P^^"\ Then gSl) imply that for Po*-a.s. cj G f^* 



P;(")(A-'") = P,(^)[1a^,.] = P,(^)[(1a)^^"] = Pt[lA|P*](c^) = 0, 



On Zero-Sum Stochastic Differential Games 



48 



thus A/"^'" e ^^0* Next let and ^2 be two real- valued random variables with ^1 < ^2, Pq— a.s. Since 
Af={ujen*: ^i(w) > C2(t^)} G -yy^K it holds for P*-a..s. uj e fl* that 

Proof of Proposition 14. 4t For each w e il*, applying Proposition 14.21 with s — t{uj) and Tq = T shows 
that {^r''^} re[T{uj) T] ^ measurable process on (fJ^^"-', J^J^'"^'). Since Et [J^\XrfdrY^^ < 00, the integral 

l{r>r(w)}P'^r('^) dr is well-defined for all cj e fi* except on an Pq— null set A/". Let 1^ = IaA": l-'i^rl'''^'', so 
^p/pgLWjrn. Given we fi*, (g^D and Lemma US] show that 



^'"(t:^) = • / _ |X^(w«)^w)|^dr = 1. ^ Ne(w) . / |x;''^(w)|Pdr, Vwef7^("''. (6.101) 

By Corollary[42l it holds for Pg'-a.s. w e f^* that 7V^'" e J/'^o'^^^ . Then (|6.10ip and gj]) imply that for Po*-a.s. 

w e f^* 



P/P 



\XrY'dr 



p/p 



(w) < 00. □ 



Proof of Corollary HH Firstly, let {Xr}r^[t,T]&^yf {[t,T],K). For each wef^*, applying Proposition [i?^ with 
s = shows that {X,T^"}rg[r(tj),T] is F'^'^")— progressively measurable. Then Proposition 14.41 implies that for 

Po*-a.s. u; e n\ {Xl-'^}re[r[.),T] e H^f,., ([r(w), T], E, P^^^^) . 

Next, let {Xr}re[t.T\ S Cpt ([<, T], E) with continuous paths except on an Pg— null set TV. Given uj e fi*, 
Proposition lO shows that {Xl''^}r(z[r(ui).T] is F^^"' -adapted, and the path [t{uj),T] 3 r ^ X:;:^'^iuj) = Xr{uj(g)rUj) 
is continuous for any Uj e {AfY'"^ . By g^) and Corollary it holds for Po*-a.s. w e f7* that Pj"^"^ ((A/"^)^'") = 
Pj''"^((A/'^'")^) = 1. Moreover, applying Proposition SH with ^ = sup \Xr\ e Lp(J"*,) yields that for Pg'-a.s. uj e 



re[t,T] 



n', E, 



sup |X;'"|P 

re[T(Lj),T] 



<i?rM[ir'"i1 < 



□ 



Proof of Proposition 14. 5t We set V,. = {w e fi' : (r, w) e I?}, Vr e [t, P]. Fubini Theorem shows that 



0=(rfr X 



dP^){VnlT,T])= [ ( [ dr) dP^iio) = Et\ [ 1-uJr 



Thus jj" Iv^dr e L^(J^^) is equal to 0, Pq— a.s., which together with ()4.6p implies that 



dr 



Et 



^Vr-dr 



(w) = 0. 



(6.102) 



holds for any w e fJ* except on an Pg— null set M. Given uj E Af'^, applying Proposition 14.21 with s = t{uj) and 
Tq = T yields that V''^ e ^([r(a;),T]) ^ 7"^^"^^ Since 

{V^''^)r = {w e : (r,w) e X>^'"} = {w e r?^^"^ : (r,w(g)^ e X>} = e : w e 

for any r e [t{uj),T], we can deduce from Fubini Theorem, Lemma [4.31 and (|6.102p that 



(rfrxdP;("^)(P-) = / (f 



(^) 

T 



lp.,.(w)dr dp;(")(w) 



lj,„dr) ' (w)dP;(")(w) = P,(,) 



T 



lx,^(w®^ w)dr ) rfPg'"^"^(w) 



= 0. 



□ 
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Proof of Proposition l4.6t (1) Let /i G U*. Given cj g fi*, we see from Proposition l4.2l that /i'^''^ — {Mr'"}rG[T(Lj),T] 
is an F'^^"'— progressively measurable process, and Lemma [4.31 shows that 



(6.103) 



A 



As I? ^ {(''7'^) G [tjT] X ri* : G U\lLJo} has zero rfr x rfPg— measure, we see from Proposition 14.51 that for 

Pp-a.s. uj G 

0={drx rfPo'^")) (I?"'") = {dr X dP([(")) ({(r, G [t(w),T] x : ^^'"(t:^) G U\Uo}). 

On the other hand, applying Proposition 14.31 with ^ = [/i^] ^ rfr G (-^t) ^^"^ using (|6.103p yield that for 
PQ*-a.s. w G Jl*, 



J t{uj) 



Et 



(w) < Et 



{lir^^dr 



^ T 



(cj) < CX), 



(6.104) 



thus Ai^'" e Similarly, one can show that for any v G V*, it holds for Pg'-a.s. w G f7* that j/^-'^ G V^("). 

(2) Let a G . There exists a dr x dPQ*-a.s. nuh set V C [i,r] x 17* such that Q;(r, Vq) C Uq and (P?^ holds 
for all (r,w) G ([s,r] x VL*-)\D. Given w G 11*, Corollary liH shows that a'''"(r,w,w) = a(r,a; (8)5 w,w), V(r,cj,-y) G 
[s,r] X X V is ^(F'') (K) ^(V)/^(U) -measurable, and we can deduce that for any G ([s,r] x f7'')\X'"'^ 

(or equivalent, (r,^®^^) G ([s,P] x ri*)\X'), a"-" (r, cD, Vo) = a(r, w w, Vo) C Uq and 



'(r,w,i;)]y [a(r,a;«)s w,w)]jj < «'^(w(g), w) + = *^'"(a;) + , Vt; G 



(6.105) 



In light of Proposition 14.51 and Proposition 14.41 it holds for Pq— a.s. a; G fi* that I?'*'" is a dr x dPg — a.s. null set 
and that 5'*''^ is a non-negative measurable process on (51*, J^f.) with EsJ^(^!p'^)^dr < 00. Hence, a*"'^ G A"^ for 
Po*-a.s. w G fl*. 

Moreover, assuming that a additionally satisfies (|2.26p . i.e. a G yl*, we shall show that a*^" also satisfies (|2.26p 
for Pg— a.s. UJ G fl*. Given n G N, there exist a i5„ and a closed subset P„ of fJ* with Po(P„) > 1 — such that for 

any w, lo' G Fn with ||cj — aj'llf < 6n 



sup supp (Q!(r, cj,w),a(r, w',w)) < — . 

re[t,T] iiGV " 



(6.106) 



For any G 51*, Lemma [4.21 shows that P^'" is a closed subset of 51*. Applying Proposition 14.31 with ^ — Ip^ and 
using (I6.99P show that for all a; G 51* except on a Pq— null set A/'„ 



p*(pr) =i^4ii=^,;-] =^4(iFjn -^t[iF„|J-.'](^) < 



.107) 



As lim Ef 



1— Pt [1f„ l-T^i] = 1— lim Pq(P„) = 0, there exists a subsequence {n^jigN of N such that limPt[li? Ijv^l 
1 holds except on a Pq— null set JV. Thus, taking n = in (|6.107l) and letting i — ^ 00 yield that lim Pq (P^!") = 1 



for aU cj G 51* except on the PQ-nuU set TV = ( U 7V„J U TV 



Now, fix a; G JV'^. For any e > 0, there exists an i G N such that rii > - and that Po^(P^!") > 1 — e. Let 
w G P*^"^. For any w' G P^^'^ with llw — lD'II^ <5„, , since sup |(w(g)sw)(r) — (w(g)s w')('')| = sup \uj{r) — uj' {r)\ <6n^, 



we see from (|6.106p that 



r<£[t,T] 



re[s,T] 



sup sup Py(a*''^(r,aj,u),Q!*''^(r,a;',u)) = sup sup Py(a(r, ®s w, u), a(r, a; (g)s w', w)) < — < e. 
Hence, a*'" satisfies ((2:26)) . 

Similarly, one can show that for any ^ G ®* (resp. P G S*), it holds for PQ*-a.s. w G 51* that ^*'" G *B* 
(resp. /3*'" G S"). □ 
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Proof of Lemma I4.4t Let {■fijigN be a sequence of L^(J^^) that converges to in probabiUty Pq, i.e. 

Urn; St[l||5,|>i/„|] = hmi Po*(|C.| > l/n) = 0, Vn G N. (6.108) 

In particular, lim | i?t = allows us to extract a subsequence — {C^}jgp^ from {^i}ieN such that 

limlr|£i|>ii — 0, Pq— a.s. Clearly, 5*1 also satisfies (|6.108p . Then by lim | i?t [lr|£i|>i/2|] = 0; we can find a 
subsequence 52 — "^i such that lim \s\f-i\^xl2\ = 0, Pn— a.s. Inductively, for each rt G N we can select a 

subsequence S'„+i = {Cr^^jieN of S",! = {CrlisN such that lim 1;, _„+i|^ ^ i = 0, Pg'-a.s. 

For any i S N, we set = fj, which belongs to Sn for ?i = 1, • • • , i. Given n e N, since {Ci}^„ C Sm it holds 
Pq— a.s. that limlr - ^-1=0. Then Bound Convergence Theorem and Proposition 14.31 imply that 



= lim E, 



1 - 



(^) = /-^^^^(-H(^{I?.I>im) ' J (6.109) 
holds for all w € ^1* except on a Pq— null set Mn- Let cj G ( U A/'n ) ■ For any n G N, one can deduce that 

(i{k~i>iM)''"(^) = i{ic~(.«.s)i>i/„} = i{|fr(=)|>i/«} = (^irri>i/"})^'^^' ^ 

which together with (OUg)) leads to that lim Pj"*"' f > l/n) = lim [(l , , 0"^'"! =0- ^ 

Proof of Propositioning Since X® e C^t([t, T], R'=), CorollarylUshows that for Pp'-a.s. well*, {(^®)r'"}^e[^(^) t] 
e C^,(^)([r(a;),r],M'^-,Pj"*'^^). Thus, it suffices to show that for Po*-a.s. w e 11*, (X®)^'" solves 

As the F*— version of X®, X® also satisfies (HH)). Thus, one can deduce that except on a Pq— null set M 

pT pT pS nS 

X%^~Xf^ h{r,Xf,^Xr,Vr)dr+ a{r,X^ , Hr,i^r)dBl. ^ bfdr+ afdBl, s e [t,T], (6.110) 

JrVs JtVs Jt Jt 

where hf = l{r>r}b{r,X^ , iir.Vr) and af = l{^>^}cr(r, X®, i/^) . In light of (gj), (EH) and dSI?]), Mf = 
afdBl, s e [i,T] is a square-integrable martingale with respect to (F ,Po). 
Since Xf g F^, Lemma lOl shows that for any uj e fl^ and uj e fi'^^") 

(Xf)(w0^w) = (Xf)(w) =Xf(^)(w) and T{uj(g)r^) ^t{uj). (6.111) 

Fix £ f2*. It easily follows that for any uj e Q'^^'^') 

(Xf^J(a.®.23)=X%^~)^,(a.®.t^) = Xf(^)^,(a.®.2})=Xf(w®.S^ Vse [T(t.),T], (6.112) 

6f (W (8)r W) = l{r>T(c^<8i,<2)}&('', (^^ <8)r 2), (w (g)^ w), l^,.(i:J (g)r w)) 

= l|,>,(^)}6(r,(X«);^"(i;),Mr(i;),i^;'"(w)), Vre[i,r], (6.113) 

and similarly 

afico^r^) = l{,>,(,)}a(r,(xe);'"(i;),M;-"(5),z.;^"(w)), \fre[t,T]. (6.114) 

Then for any lj G (TV'^)^'", applying (|6.110p to the path uj(Sri^ over period [r(a;),T] and using (|6.111[) - (|6.113p yield 



{X^)\:\u)^Xf^^^{Lo)+ / 6(r,(X«);''^(S),M;'-(i;),^r"(i;))dr+(M«):^'^(i;), [r(w),T]. 

J r (lj) 

By gj]) and Corollary [4^ it holds for P^'-a.s. cj e fl* that Pj"^"^ ((W'^)^-") = Pj"^"^ ((A/'^'")'=) = 1. Hence, it 
remains to show that for Pq— a.s. w S SI*, it holds Pj^'""''— a.s. that 

J r{uj) 
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Since is a square-integrable martingale with respect to (F*, Pq), we know that (see e.g. Problem 3.2.27 of 
[23) there is a sequence of M'^'^''— valued, F*— simple processes ■{ = J2i=i Ci" 1/ / n „ i"!. i € [t, T] !• (where 
t = t« < . . . < t^^^^ = T and e for i = 1, • • • , such that 



F*- lim / i™ce( ($" - af) ($" - )'^| ds = and F*- lim sup 



|Mr-M?| =0. 



where = // = Xi-^i Cr(-S*At7+, " ^sAt^)- Then it directly follows that 

Pn- lim / irace(($" - cr?) ($" - af)^] ds = and F*- lim sup 
By Lemma {$"}nGN has a subsequence $" = CTl/ ~" il' 



|Mr-Mf I =0. 



such that except on 



a Fn-null set Af 



lim 



P"*"^- lim 



trace 



t.ace{(($"):-- (a-)-) (($«);- -(.-)-)"} 



and = p:^"'^- lim ( sup|AC-A/f|) =Pj'^"''-lim sup (M") 



se[T,T] 



(M 



where M]' = // S^'dS* = Y.ti ^? ( 



P* - 

sAt ' 



"^°°s6[r(w),T] 

^*At~") ^^"^ made similar deductions to (j6.113l) . 

A 



(6.115) 
(6.116) 



Fix u! € A/"^. For any n e N and i = 1, • • we set i"(a;) = V r(w) and Proposition 14.11 implies that 



2— 1 i— 1 

SO ($")^''^ is an K''^'*- valued, F^(")-simplc process. Applying Proposition 3.2.26 of ^7\, we see from (|6.115p that 



= Pj"*'"'' — lim sup 

"^oOse[r(t^),T] 

For any uj e one can deduce that 



r(Lj) J t{u}) 



(6.117) 



(M");''^(i;) = x]er(^®.^)((^®.'^)(sA?r+i)-(^®rS)(sA?r))=E(fr)"'"(^)('^(^A?r+i(a.))-t^(s^ 



which together with (|6.116p . (|6.117p and (|6.114p shows that Pj"*"''-a.s. 



(M 



{<jy;'^dB;^-'> ^ a(r,(xe);'^ <'")dP;("), se[T(o.),T]. □ (6.118) 

(u;) J t{uj) 



Proof of Proposition HID Since (f®, Z®,^®, X®) ^ (yQ(T, 0, ^^(r, 0, X® (T, C), if ® (T, o) eG^t([i,r]), 
CorollarylUshows that for Po*-a.s. the shifted processes { ((F®)^'", (Z®)^'", (if ®)^'")} ^ 



e[r(^^),Tl 
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€ Gpx(oj) ^]) ■ Thus, it suffices to show that for Pq— a.s. lu G il*, 

{Z^y^^, (^®)'^", {^"^y^) solves DRBSDe(p;("),/^^lQM®"). (6.119) 

As the F* - version of ® (T, ^ , (T, ^ , i^® (T, ^ , ^ ® (T, O) , , ^® , ^ , ^ ^ ) also satisfies DRBSDE (Pq* , 
fx ,Ll^ , Lj ■ Thus, it holds except on a Pq— null set J\f that 



TVs 



l{r>r}f{r,X^,Y,'',Zf,fir,i^r)dr-M^ + Mf, ■se[t,T], (6.120) 
l{s,Xf)<Yf<l{.s,Xf)^ se[t,T], and £ (y:^ -l{s^ Xf))dKf ^ £(l{^^Xf)- 



-Y^dK^ = 0, 



where Mf = //l{^>^}ZQdB* , s e [i,r]. 

Fix € il*. For any u; e (A/"^)^'"^, applying ()6.120p to the path oj^t-w over period [r(a;),r] as well as using 
deductions similar to (I6.112p and (|6.113p . we obtain that 

' {Y%'-i^)~e--{^)+{f'y^{i::)-{f''y^\^)-{K^^^ 

^^^/(r,(X«);^"(S),(yQ);'"(5),(Z«);''^(2),M;''^(2),<-(S))dr, se[riu),T], 

i(.,(X«)--(S3))<(yf)--(5) <7(.,(X«):-(i;)), [r(c.),T], and 

r (i;)-i(., {xy;-i^)))d(K^Y\^)^ f (i{s, (^«):-(i)))-(y«):-(2)))d(t^)^'"(2)) = o. 

By (021) and Corollary i^l it holds for Pg'-a.s. w e f7* that Pj'^'^^ ((A^'^)^^") =Pj"('^^((A/'^^")<=) = 1. Hence, one can 
deduce from the above system of equations and Proposition 14. 71 that for Pq— a.s. lu en\ it holds Pg^'^^^-a.s. that 



=l(s,x5)<(n«)""<7(s,x5) =Lf , [t(..),T], and 



(6.121) 



Similar to (|6.118p . we can deduce from Proposition 3.2.26 and Problem 3.2.27 of [5T (both work for continuous 
local martingales) that for Pq— a.s. a; e il*, it holds Pj" ^'^^— a.s. that 

{M%'^=r (Mr>r}Z^y"dB;(-^^ r ^^^^^^)y{zX--i^)dB;^-^^ r (z«):-dp;("), .e[-M,r], 

which together with (|6.12ip gives (|6.119p . Therefore, it holds for PQ*-a.s. cj e f^* that 

Yr-{T,C-){U^)={Y''{TS)Ti^)^^s\T,0{^®r^), V(s,2;)e [r(c.),r] xl7^(-). 
Taking [s,u) = (r(c^), n,,,(„)(L.)) gives that ^.^J:, (T, T'") = (?,«(T,0)(w) for PQ*-a.s. ^ G f!*. □ 
Proof of Lemma I4.5t For any £ G ^([s,r]) and A e J^^, applying Lemma FOl with S — T yields that 
fi.t^,{£xA) = {{r,uj) e [s,T] x : {r,Ut,s{oj)) E £ x A} =£ x U^liA) £ 3§{[s,r]) (g) T*, 
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which shows that all rectangular measurable sets of ^{[s,r]) (g J^,* belongs to A = {P C [s,r] x W : 11^1(1)) G 
£§{[s, r]) (g) J"*}. Clearly, A is a cr-field of [s, r] x Thus it follows that ^{[s, r]) (g J^^ C A, i.e., 

niliV) e M{[s,r]) <E) T:^, yVe^{[s,r])(E)T^. (6.122) 

Next, we show that {dr x dP^) o ft^J (dr x dP^) on ^([s,T]) g) For any 5 e ^{[s,T]) and A e J"!,, 
Lemma 11.21 with S = T again implies that 

{dr X dP^){flzli£ X A)) - {dr x dP^){£ x U^liA)) = \£\P^{Ull{A)) = |£|Po^(A) = {dr x dP^){£ x A), 

where \8\ denotes the Lesbegue measure of £. Thus the collection Cg of all rectangular measurable sets of !3§{[s, T])® 

is contained in A = {P C [s,T] x il" : (dr x dP^){V) = {dr x dPo*) (n-](X>)) } . In particular, x e A and 
[s,T] X il^ e A. For any 2? e A, one can deduce that 

{dr X dP^) (( [s, T] X n')\D) = {dr x dP^) {[s,T]x il') - {dr x dP^) {V) = {dr x dP^) (fit",^ ([s, T] xVl"))- {dr x dP^) (fi-] {V)) 

= {drxdP^){fl~l{[s,T]xn^)-fl-l{V))^{drxdP^){fl-l{{[.s,T] x n^)\V)). 

On the other hand, for any pairwisely-disjoint sequence {PnlneN of A (i.e. Vm H 2?„ = given m ^ n), it is clear 
that {nrl(^n)}„gN ^ pairwisely-disjoint sequence. It follows that 

{dr X dP^) ( ^U^ 2?„) = ^ (dr X dP^^) (P„) = ^ (dr x dP*) (n,;j(I?„)) 

neN n6N 

= (dr X dPo*) ( U n,:i (!?„))= (dr x dP^*) (fi,-; j ( U 2?„) ) . 

Hence, A is a Dynkin system. Since Cg is closed under intersection, the Dynkin System Theorem shows that 
^([s, T]) (g J"! = cr(C^) C A, i.e. (dr x dPg*) o ft-] = (dr x dP^) on ^([s, T]) g) J'^. 

Finally, let us discuss the ^(F*)/^(F'*)-measurability of flty. Let V g ^{F''). For any r G [s,T], since 
•D n {[s,r] X 17") G ^([s,r]) g) (|6.122l) implies that 

(n,-;l(2?)) n ([t, r] x n') = (n,:l(i?)) n ([,s, r] x f]*) = uil{v) n (n,;j([s, r] x n^) 

= flt^l(T>n{[s,r]xn')^ e^{[s,r])(g)T'^C^{[t,r])^T'^. (6.123) 

On the other hand, it is clear that (nt"](I?)) n {[t,r] x 17*) = for any r G [t,s), which together with (I6.123P 
implies that n^-^liV) G ^(F*). As UlliV) c [s,T] x rj*, we see that fi^^l{V) G ^^(F*). □ 

Proof of Proposition I4.9t (1) Let us first discuss the F*— progressive measurability of U— valued process /i. 
Given s G [t,T] and U G ^(U), we have to show that {(r,a;) G [t,s] x : /^^(a;) G [/} G ^([t,s]) (g J"* : The 
F*— progressive measurability of process /i implies that for any V C ^{[t, s]) g) J^l 

{(r,w) G X> : ^^(a;) G C/} = {(r,a;) G [i, s] x fl* : Hr(u:) G f/} n 2? G ^([i, s]) g) J"*, (6.124) 

which together with (|4.8p leads to that 

{(r,a;) G [i, s] x {r > s} : /ir(a;) G C/} = {(r,a;) G [i, s] x {r > s} : /^^(a;) G ?/} G ^([i, s]) ® J"*. 

Thus we only need to show that {(r, w) G [t, s] x {r = t,i} : /ir('^) G C/ } G ^([i, s]) ® J-l for each t„ G [t, s]: 

( i) For n > with i„ < s, (|48)) and (16.124^ imply that 

{(r,w) G [t,s] X {r^tn} ■■ ^r{oj) G C/} = {(r,w) G [t, s] x {r i„} : ^^(w) G C/ } G ^([t, s]) (g J"*. 

(ii) For n<N with t„ < s, let AJJ = {r = t,i}\( Af) G J"*^. One can deduce from gH) and (|6.124p that 

{{r,uj) G [t,s] X : -fir{uj) G [/} = {(r,a;) G [t, s] x ^JJ : ^^(w) eU) e ^([t, s]) g) J"*. (6.125) 
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For any i — 1,- ■ ■, in, since Af is an measurable subset of {r = i„}, we see from (|4.8p that 

{ (r, u) e [t s] X : M^) ^U}^{ (r, lu) E [t, t„) x : fir{i^) eU}u{ {r, lj) E [t„, s]xA^: (K'), (nt,t„ (c^)) G U} . 



Clearly, { (r, cj) e [t, t„) x : ^^(cj) e [/} e ^([t, s]) (g) J"* by (lOM . Since = {(r, ti) e [t„, s] x f]*" : (^f)^(S)e 
t/} € s]) (8) J^]" by the F*"— progressive measurability of process iif, one can deduce from Lemma [4.51 that 

{(r,c.) e [t„,,s] X A'l : (^D, (n^^ (c.)) e [/} = {(r,c.) G [i„,s] x : {r,Ilt,M) € V[^] 
= {{r,Lo) e [tn,T] X : (r,c^) G 2?,"} H x A^) 

= ritV/Jpr) n {[tn,s\ X A^) e ^([t„,s])® j"* c i^{[t,s\)®Fl. 

It follows that {(r,a;) G [t, s] x : flriuj) G ?/} G ^([i, s]) J"*. Then taking union over i = 1 , • • ■ ,in and 
combining with (|6.125l) yield that {(r,a;) G [t, s] x {r = t„} : /2r.(w) G L/} G ^([t, s]) (g) J"*. 

(2) For n = 1, • • • , and i — 1, - ■ ■ ,£n, since 

{ (r, w) G [t„ , T] X A^ (c^) G U \Uo } = ( [t„ , T] x A^) n n,; ( { (r, w) G [t„ , T] x 17*" : (/i^) ^ (ci ) G U \Uo } , 
Lemma 14.51 again implies that 

{drxdP^){{{r,Lj)e[tn,T]xA^: /2,HgU\Uo}) < (drxdPo*)(n,;iJ{(r,^;)G [t„,r] xO*" : eU\Uo})) 
= {drxdP^-){{{r,u)e[tr,,T]xn*": {fi^l) ^{u) eV\lJo}) ^ 0. (6.126) 

Clearly, (drxdPp*) ({ ( r, c^) G t|U |t,T]a„ : /I,HgU\Uo}) < (drxdFo*)({(r, c^) G T] x 17* : A*rHeU\Uo}) = 0, 
which together with (I6.126P shows that /i^ G Uo, dr x dPQ—a.s. 

(3) Next, we show that Et \jlr\^^dr < oo: By 



Jt Jul 



esi* Jt 



uiefi-t Jt 

t{uj) 



M^)]ldrdP^{uj) 

^Ir{io)]ldrdP^{u:) + Y,Yl 



< 



esi* Jt 



T 

u:£Ao J r{u) I 

N In, 

n— 1 i—1 



N f„ 



GSl* Jt 



ui£A^ Jt„ 
2 



^ \f^7)ri^tM)]jrdP^{u;) 



u 



For any n = 1, ■ ■ N and z = 1, • • •, £„, applying Lemma 11.21 with (s, 5) = (t„, T) yields that 

/ r \{f,^)^{UtM)]ldrdP^{u:)= j f \{ti-)^{u)]ldrdPl{nil{Lo)) 
JuieivJtn '- ^" J^ient'^Jtn '- -'^ 



Thus it follows that 



eJ [nr]^dr<Ej [M.]urf^ + EE^*. 



n— 1 i—1 



dr < oo. 



dr < oo. 



(6.127) 



which together with part (1) shows that G Z^*. 

(4) Let (r, lo) G |t, TJa^ = [in, T] x Af for some n = 1 • • •, iV and i = 1, • • •, For any 2 G fi*" , since w (g)*^ w G A" 
by Lemma l4Tl it follows from (1481) that /i*"^"(w) = 'jlr{ioig)t„ = (a*")^ (nt,t„ (i^ <X't„ ii)) = (Air)^(w). 
On the other hand, we consider (r, cj) G |t, T]^,,. For any uj G we claim that 



W (g)r W G Aq. 



(6.128) 
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Assume not, i.e. cu (E)t- w G A" for some n — 1 ■ ■ ■, N and i ~ 1,- ■ •,£„. By Lemma [4.31 t(w) = t(uj ^) = tn- 
So to ®t„ uj = ll! ®t ^ G A" and Lemma 14.11 shows that uj e A", a contradiction appears. Thus ®t lu G Aq. 
As r > t{uj) — t{uj ®r w), we see that (r,aj ®r ^) G [■''i^'Iao- Then (|4.8p yields that /2^'"(w) = ^^('^ 'i) = 

Proof of Proposition l47lOt (1) We first assume that a£A* and {a^jf^i C for n = 1, • • •, A^. Then ((2:25)) 
holds for all (r, w) € T] x il* except on a c?r x dPg— null set V. And for n = 1, • • •, A^ and i = 1, • • •, a" satisfy 
(|2.25p for some > and some non-negative F*"— measurable process with Et^J^(^"'^) ds < oo: i.e., it 
holds all {r,uj) G [<n,r] x il*" except on a drxdPQ"— null set Vf that 

[ar('',i;,«)]„ < ^ri^) + <Hv ' Vt; e V. 

Fix n = 1, • • •, Af and i = 1, • • •, The ^t„ (F*)/^(F*")-measurability of the mapping fit.t„ : [t„, T] x f7* ^■ 
[i„,r]xf^*" by Lemma[431 shows that the function a? (liifjr. uj).v) = af {r,Ut,tSu}),v) , W{r,u},v) € [i„,r]xri*xV 
is (F*) (g) ^(V) /^(U)-mcasurable, which together with the fact |t, TJa^ = [tn, T] x Af € ^(F*) implies that 
the function a is ^(F*) ^(V)/^(U) -measurable. 

Similar to (|6.126p . one can deduce from Lemma 23] that 
{drxdP^){{ir,uj)e[tn,T]xA'l:air,uj,Yo)\Vo^$})<idrxdP^-){{{r,u)e[tn,T]xn'^ 

As (drxdPo*)({(r,a;)e|t,r|U[r,r]Ao: S(r,w,Vo)\Uo ^ 0}) < {drxdP^){{ir,Lj) e[t,T] x : a(r, l^, Vo)\Uo ^ 
0}) = 0, we see that a(r,Vo) C Uo, dr x dPg-a.s. 

Since the mapping Ilt.t^ is also ^([t„, T]) ® F^/ ^{[tn, T]) ® ^^""nifiasurable by Lemma l4?5l again . the process 
*"'*(nt,t„(r,a;)) =*"'*(r,nt_t„(a;)), V (r, w) G [i„, T] xf]* is i^([t„, r])(g)J"^/^(M) -measurable, which together with 
the fact |r, Pj/i" ~ [t„, T] x Af G^{\t, T]) J^^ gives rise to a non-negative measurable process on (fi', 

'■^"'^ [vE-.H, if (r,L.)e It,rIU|r,T]^„. 

Similar to (l5T?7l) . one can show that St $2 < ^2 _^ ^a'^^ ^^.^ jT (^n,i^2 ^ 

Let K = K V max{Kf : n = 1,- ■■ ,N and z = 1, • • • ,£„} > 0. For any (r,w) e (Ii,T|U |r,T]^J\l?, one has 

On the other hand, if (r, w) G [t„, P] x \n(;t^^ (2?f ) for some n 1, • • •, A^ and i = 1, • • •, £„, then (r, nt,t„ (w)) = 
nt,t„(r,tj) e ([i„,T]xf]*")\2?7 and it follows that 

Since P^-Puf U U nil{V^)) is a dr X dPg— null set by Lemma H31 we see that a satisfies (|2.25p dr x dPg- a.s. 
Therefore, a is an strategy. 

(2) Next, let us verify (|4T0)) : Fix e V*. For n= 1, • • •, A^, Propositionl46lfl) shows that i/*"-" G V*" for all w G r2* 
except on a Pq— null set Afn- Let w G n A/"^ and r G [T(ti;), T]. If w G A" for some rt = 1, • • •, A^ and i — in, 

n—l 

then r > T(ti;) — i„. For any w G since w (8)t„ w G A" by Lemma [01 it follows from (14. 9p that 

Otherwise, if w G Aq, we have seen from (j6.128p that C ^o- For any cD G il'^'^"-' , since r > t{uj) = T(a;(g)^a3) 

by Lemma we see that (r, u (E)t- i^) G |r, PJao- Then (|6.128p leads to that 

(a(j/))^'"(tli) — (S(j/))^(a; — 5;(r,a; (8)1- w, i^^lw (8)t i^)) = Q;(r,a; 0,- w, w)) = (Q;(j^))^''^(tli). 
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(3) Now, let a e A'' and C yt*" for n = 1, • • •, N. We shall show that a satisfies (|2.26l) . and it thus belongs 

to A^: Fix e > 0. There exist S > and a closed subset F of f2* with Po{F) > 1 — | such that for any uj,uj' £ F 
with — w'llt < (5 

sup sup p^{a{r,uj,v),a{r,u;',v)) < -. (6.129) 

re[t,T] i>GV ^ 

As ^0 G -T^T — ^(ri*) by (|1.4p . we can find a closed subset Fo of fJ* that is included in Aq and satisfies Pq (^o\^o) < 

- (see e.g. Proposition 15.11 of [iO]). 
8 

Let = ^n- Given n = 1, • • •, A'^ and i = 1, • • •, £„, there exist > and a closed subset F" of £7*" with 

Pq" (p;*) > 1 - 4I7 such that for any w, 5' e P/^ with p - < 5," 

sup sup p «(r,w,v),<(r,w','i;)) < — . (6.130) 

re[t„,T]-uev 

Applying Lemma [TT^ with (s, S") = (t„, T) shows that ^^l^ i^r) ^ closed subset of fl* and that 

P^{n;l{Fn) = Po*" {FD > 1 - ^- (6.131) 
Similar to Fq, one can find a closed subset P" of il* that is included in A" and satisfies Po(A"\P") < Then 

p^iPo) + E E ^0 (^;") = ^o(^o) ~ p^{Ao\Fo) + E E ^0 (^r) -EE (^r w) > i - 1- (6.132) 

n— 1 i— 1 n— 1 2—1 n— 1 2—1 

Since Pq = P n Pq and P/" = P n P/* n U^ l^ (Pf ) , n = 1, . . ., Af and i = 1, . . ., ^„ are disjoint closed subsets of 
ri*, we let ^ > stand for the minimal distance between any two of them. Let 

P = Po U (U {Pf : n = 1,.. .,Ar and i = 1,---Jn}) and S= {^6) A 6 A ^■aim{6'^,n ^ 1, ■ ■ ■, N and i = 1,- 
For any Ai,A2 £ P^, one has 

Po*(Ai n A2) - Po*(Ai) + Po*(A2) - Po*(Ai U A2) > Po*(Ai) + P^{A2) - 1. (6.133) 

Taking Ai ^ F and A2 = I U U P^" U Pq, we can deduce from (|6.132p that 



n=l i=l 



3 



Po*(P n Po) + ^ ^ Po*(P n Pf) > 1 - -e. (6.134) 

n^l i—1 

Also, for n = 1 , . . . , A^ and i = 1 , . . . , ^„ , letting Ai = P n P/" and A2 = U^ J^ (Pp) in (|6.133p , we see from (|6.13ip that 

(^") - (^^ n f;" n nil [f-) ) > p* (f n pr) - ^ , 

which together with (|6.134p leads to that 

N f„ 

p*(P) = Po'(Po) + ^ ^ p*(i^") > 1 - 

n— 1 z— 1 

Now let Ld,uj' G F with ||cj — oj'\\t < S. If w G Po, so is u' since 6 < ^5_. As Pq C P n Aq and (5 < (5, it follows 
from dH]) and (|5T^ that 

sup sup py{a{r,uj,v),a{r,uj' ,v)) = sup sup p„(a(r, w), a(r, w', w)) < -. 
re[t,T]-uev re[t,T]Dev ^ 
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On the other hand, if w g for some n = 1, • • •, and z = 1, • • •, so is w'. Since ^" C FnA'^ n nil^ (Pp) and 
sup |(nt,t>'))W-(nM»)(r)|<|w'(t„)-w(i„)|+ sup |c^'(r)-c^(r)|<2 sup |u;'(r) - L^(r)| < 2? < ,5," , 

i-6[t„,T] rG[t„,T] rSlt.T] 

we can deduce from (|4.9p and (|6.130p that 

sup sup Py(a(r', w, u), S(r, w', w)) < sup sup Pju(Q!(r, w, w), a(r, w', w)) 
re[t,T]uev re[t,t„) uev 

+ sup sup p (<(r,nt,t„(w),u),<(r,nt,t„(w'),w)) < - + — < e. 

re[t„,T]-ueV ^ 

Therefore, a satisfies ()2.26p . to wit, a £ A*. □ 
6.5 Proofs of Section [5] 

Proof of Lemma l5.lt As a subspace of R''^'', §d is also a normed vector space (We can regard the restriction to 
of the Euclidean norm | • | on M''^'^ as the Euclidean norm on S^-) Since each M''^''— valued symmetric matrix 
is uniquely determined by its lower (or upper) triangle, we see that 

(^(r) = (911,521,322,531,532,333, ' ' ' ,5di, ' ' ' :9dd), Vr = igij)ij^i e Sd 
defines a bijection between E>d and R^^. Clearly, |0(r)| < |r| < \/2|0(r)|, VE e §d, thus cj) is a homeomorphism. 

d(l+d) 

Then the separability of M 2 leads to that of §d- 

Moreover, as det{-) is a continuous function on M''^'', its restriction on is also continuous w.r.t. the relative 
Euclidean topology on S^- □ 

Proof of Lemma 15. 2t Let i, j e {1, • • •, d}. For any ngN, we set Tq'^ = t and recursively define F*— stopping times 
r;*'' ^ inf |s e [r^'^l'i, T] : Bl - | > 2""} AT, V £ € N. 

m 

Clearly, 5;"'*'^' = lim V -5*1, ), s e is an K U {-cx^j-valued, F* -progressively 



measurable process, so is ^^'-^ ^ lim ^T^'^^^-i . 



For any P € Q*, as Lemma [T73l (1) shows that i?* is also a continuous semi-martingale with respect to (F^,P), 

'^s J[t,s] 



we know from Theorem 2 of [26) that lim sup 

se[t,T] 



= 0, P— a.s. Thus it holds P— a.s. that 



p*'^dP*J, Vse[t,r]. (6.135) 



This gives rise to a pathwise definition of the (i, j)— th cross variance of B as well as its density: 

(P*.\P*'^)^ ^ P*'^P*'^- - - ^/'^ and a*'^>^- = Ji^^ m((P*^ P*'^")^. - (P*^ P*-^)(^_^/^^+) , s e [t,T], 



m— >oo 



both of which are RU {cxo}— valued, F*— progressively measurable processes 
For any P € Q*, we see from (|6.135p that P— a.s. 

r-P i-P 



(B*'\P*'^) =P*''P*'^ - / B'/dBl^^ - P*'JdP*^* = (P*'\P*'^)-^, Vse[i,T]. 

" J[t,s] J[t,s] " 

Then ((O)) easily follows. □ 
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Proof of Lemma 15. 3t Let t £ [0,T]. We see from Lemma [5.21 that |a*| is a [0, oo]— valued, F*— progressively 

measurable process. It follows that l{|a'|6(o,oo)}TT77 is a [0, cx))— valued, F*— progressively measurable process and 

\a I 

A CL^ 

thus that n* = l||at|g(o oo)lr~rr S^— valued, F*— progressively measurable process. Since the determinant deti-) 

\<r\ 

is continuous on by Lemma [STTl fi* = l{(iet(n')>o}'T^* + l{det(n')<o}-^dxci defines an S^'^^valued, F*— progressively 
measurable process. 

A 1 X 3 X • • • X (2j - 3) 



For any j e N, let Cj ~ QJ~^\ ' ^® i~th coefficient of the power series of ^/l — x, 



A 



X £ [-1,1]. When a r e S>" has |r| < 1, we know (see e.g. Theorem VL9 of [38 ) that = /dxd+EjeN (^'ixrf-r)^ 



is the unique element in S^"" such that i;^ = T . Consequently, = Idxd + X^jeN '^ji-^dxd — ft*)"' is the unique 

Sjj'^— valued, F*— progressively measurable process such that 

[q ) —n = l{|a*|e(0,oo)}l{det(a*)>0} + (l{la'|G(0,oo)}l{!iet(a*)<0} + l{|a*l=0Oroo}j ^dxd- 

A 



It follows that (f = (7*(l{[at|£(o,oo)}-\/|a*| + l{|a*|=ooroo}) is the unique S;^"— valued, F*— progressively measurable 
process satisfying 

((J*)^ = l{|a*|e(0,oo)}l{rfet(a*)>0}a* + 1{ | a* | e (0,oo)} l{det (a* )<0} |a*|^dxd + 1{ | a' |=0 or 00} Idxd- (6.136) 

Given P £ since |r| £ (0, oo) for each T £ S-^^, we can deduce from the second part of (|5.5p and (|6.136p that 
P-a.s., (<7*)2 = ql.ql^al for a.e. s £ [t,T]. □ 

Proof of Lemma [HD Let s £ [t,T]. For any r £ [t,s] and £ £ ^(M''), similar to ((5?TU| . one can deduce from 
the F*— adaptness of X*'^'^ that 



.(A/;*'^)'=n{a; £ n': Xl'''^^'{uJ)££}£Tl if ^ £. 



where £^ = {x + x' : x' £ £} £ ^{R'^). Thus (S*) ^(£) e A* = |a C 17* : (A'*'^-'^) e j;*}. Clearly, A* is a 

cr— field of ri*. So it follows that 

J-* = a ((B*)"^(£); r S [t, s], f £ ^(M'')) C A* . (6.137) 

For any A/" e o/T^'" ", it is contained in some A £ with pt,^,f^(^A) = 0. By ((5lT|) and ([5l^ . (A'*^^'^)"\^) e 
J"^ and Po*((A*'^'^)^^(A)) = p*.^.M(^) = 0. Then, as a subset of (A*'^^^) ~\A), 



(A'*'"''^) '(AA) £ .yV^o c J-*. (6.138) 

Thus, ^^'""cA*, which together with (ICTfl) yields J'f=(7(j-*U^^*"") C A*, i.e. (A"*-^'^) (j-f ) C jf. 

For any A £ J^^ ^, we know (see e.g. Proposition 11.4 of [40 ) that A = A Li M ior some A £ J^^ and 
A/'e^^'"'''''. Since (A*'^'^)~i(I) e J"^ by ([5ll|) and since (A*'^^^)-i (A/") G by (|6J38l) . one can deduce that 



Pr 



'o*o (A*'"'^'')-i(A) = Po*((A'*'=''^)-i(A) U (A'*'=^'^)-i(A/')) = Po*(('^*''''^)~^(^)) =P*^^'^(A) = P*^^'''(A). □ 



Lemma 6.4. Let (i,.T) e [0,r] x R'^ and ^ £ U* . If y is an M- valued, F^' '^''' -adapted process, then 3^(A*'=^'^) 



IS F 



adapted. Moreover, i/J^ G C^^t,,,,, ([i, T], E, F*-^'^) (^resp. K^^^,,.^ ([i, T], F*'="'^)) for some p £ [l,oo), then 
3;(^*.x,M) g cf,,([t,T],E) (resp. K^,([<,T] 
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Proof: The first conclusion directly follows from LemmaEH If G C^^*,,.,, ([t,T],E,P*'^^'') (^resp. ^t,,,^ ([t, T], 

P*'^'^)^ for some p G [l,oo), let A = {cj G il* : the path s— >3^s(ti;) is continuous (resp. increasing)}. Then we see 
from ((^13)) that 

I = pt,^,M(^) ^ p^t o ^ Po*({^ e : G ^}). (6.139) 

Namely, y[X*-^ ^^^ has Pg— a.s. continuous (resp. increasing) paths. Applying (|5.13p again yields that 

< oo (resp. Pt[|3^T('%'*''^''') 



sup 

se[t,T]' 



E 



sup |X 

.se[«,T] 



Thus, 3^(A'*'^''^) G C£,f([t,T],E) (resp. ]K^([t,T]) 



E 



pt,x,fi 



< oo 



□ 



Lemma 6.5. Let (t,x) G [0,T] x R and /i G Z^*. //2 is an M— ?;a/ued, F —progressively measurable process 
then Z(A'*'^'^) is F —progressively measurable. Consequently, for any p G [l,oo) if Z £ H^'^°'^^.,, ([i, T], E, P*'^'**] 
(resp. H^f,,.,,([i,r],E,P*--''^) /or some p e [l,oo)), then Z(A'*--''^) G T], E) (resp. iCf ([i, T], E)) . 



A 



Proof: Let Z be an M— valued, F —progressively measurable process. Given s G [t,T], we define Il^'!^{r,uj) 
{r,X*''''f{uj)), V(r,w) G [t, s] x ilK For any f G ■^{[t,s]) and A G Lemma EH implies that 

{Ift:^y\£ X A) = {(r,w) G [t,s] X rj* : (r, A'*'"'^(cj)) G £ x A} = 5 x (A'*'"'^)"'(A) G .'^{[t, s\) ®y\. 

Hence, the rectangular measurable set f x A G As = {l? C [t, s] x fi* : (n^s^)^^(X') G ^([t, s]) (8) J"* }, which is 

clearly a cr-field of [t, s] x 17*. It follows that S§{[t,s]) (g) C A^. For any M G ^(M), since Z-i(7W) = 

{(r,w) G [t,s] X f7* : Z^(w) G M} G SS{[t, s\) ® Ff '"''^ C A^, 

{(r,w) G [t,s\ X r!* : Z,(A'*^"^^(cj)) £ M] = {{r,uj) G [i, s] x 17* : (r, A'*^"'^(w)) G ^-^(X)} 

= {iiii:)-\z-\M))em.^])®yl 



Hence, Z(A'*'^'^) is F —progressively measurable. 



If Z G H^'X.M ([i,r],E,P*'=^'^) for somep G [l,oo), let A = {w G 17* : \Zs{uj)\Pds < oo}. Similar to (l6T39l) . 
we see from that 1 = P*.^.a'(^) = P^{{uj G 17* : A'*'="'^(w) G A}), i.e., Z(<Y*'^'^) has Po*-a.s. p-integrable 

paths. Thus Z(A'*'^'^) G H^,'°"([i,r],E). 

Moreover, if Z G ]HIp^t_^_^ ([i,r],E,P*'^''^) for some p,_p G [l,oo), we can deduce from (|5.13p that 









' / pT \ p/p' 




Et 


{^j^ |Z,(A'*.-'^)|^dsj 






< oo. 


Therefore, Z(A'*'^^^) G 


H^f([t,T],E). 






□ 



Lemma 6.6. Let {t,x) G [0,r] 



For any P G Q^^, i/ie Y*— adapted continuous process Ml = B\ 



b{r,Bp'')dr, s G [t,T] is a continuous martingale with respect to (F*,P). Consequently, 



Wf 



(ql) dMl, sG[t,T] 



(6.140) 



Proof: We fix ^ gZ^* and let TV"^ ^ {A^^^^^ ^ X^.-'^-f, 3 r G [t, T]} G Given t<s<r<T, since // dS*, 

s G [i,P] is a martingale with respect to (F*,Pq), for any finite subset {ti < ■■■ < tm} of Q n [t,s] and any 
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{{xi,\i)}"L-^ dQ'^ X Q+, we can deduce from ()5.7p and the F -adaptedness of X*'^'^ that 



'en^iBl)-HO^^{x,)) 



e(A".-.A')-i( n^(i3j^)-i(OA,(x.))) 



(A/-J-"^UA/'f,)"n(X'.-.f)-i(^H (Sj^)-i(OAja;0)) 

(/>.,(a;)(ii3*,M)(iPo*M = Q 



This shows C* C A* = {Ae J"* : J^{M*-Ml) dP^^^-f" = O}. As A* is clearly a Dynkin system, we see from Lemma 
TTT] and Dynkin system theorem that J"] = ^ A*, which implies that E'pt.x.M [M*| J'*] = M*, P*'^'''-a.s. 

Hence, Af* is a continuous martingale with respect to (F*, P*'^''^). By Lemma [1.31 (1), M* is also a continuous 
martingale with respect to (F-'^''^'^ , P*'^''') . As 



/ {qiy^dBl^ {ql)~h{r,x + Bl)dr+ {ql)'^ dM^ s E [t,T 

JH.s] Jt JH.s] 



we see that the process | Jj^^j (q*) ^(iAf*| is exactly the martingale part ' of 3^ ^. 



□ 



Proof of Proposition Fix {t,x) G [0,r] x and /iGZ^*. As Af* = P^ - //6(r,x + P*)dr, s G [t,T] is a 
continuous martingale with respect to (F', P) by Lemma we see that P* is a continuous semi-martingale with 
respect to (F*, P*^^^'"). Thus, P*-^-'^ e Q*. 

Given z , j G { 1 , • • • , d} , it follows from (I5.13P that 

L2"sJ 



= P*'^'^- lim sup 

"->oOse[t,T] 



: Pg — lim sup 



p''\ p*'^)r'^" - E f^^i -5^-. ) (sv -s^^ ' 

\ 2" \ 2" ~2^- 

fc=l 

L2"sJ 

p*^\p*'^)f ■""(A'*'"''^)- y fA-'f '^''-A-L";"'') fA-'r-^'^-A-LY 

■"^^ V 2" ~2^ / V 2" ~2^ 



: Pq — lim sup 



II,. 1 ^ ^ ^ 3^ y V 2^ 3^ 

which implies that Pq— a.s.. 



(6.141) 



Since G Uq = S;5"°, dr x o?Pq— a.s. (so is fi^ — fir ■ Mr), we can deduce from (I6.14ip . (|5.13p and (|5.4p that 
l = Po*|w G rJ* : s ^ (P*,P*)f''""(A'*'=''^(w)) is absolutely continuous and 



lim m 

m— ^oo 



((P*)f '^'^ - (P*)J^^;^^+) (A'*-^^(..)) = ^ g>o fo^. ^ ^ (g 142) 



:P*'"='^|a;' G 17* : s ^ (P*, P*)f' (w') is absolutely continuous and 



a*(c.') = Jim^™((P*)r'^'^ - (P*)j:;;;^,+ )(^') G §>" for a.e. s G [i,T] 



Therefore, P*'^''' G Q 



(6.143) 
□ 
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Lemma 6.7. Let {t,x) E [0,T] x R'* and e UK It holds P},-a.s. that 

^ ^is for a.e. sE [t,T]. 
And for any Z E H^'[°';„ ([i, T], M'^, P*'^"") with p E [l,oo), it holds P^-a.s. that 



J[t,s\ / Jt 



(6.144) 



(6.145) 



{B%:;„^,.){o.')ior^.e.sE[t,T]} 
(A'*^^'^(a;)) for a.e. s e [i,r]| 



(s — 1/ m) 



w/iere Z(A'*'^''^) E Btt{[t,T],R'^) by Lemma\6M 
Proof: We can deduce from Lemma [5731 (j6.143p and (|5.13p that 
1 P*'^'^ jo;' e f^* : (g*)^(w') a* (cj') = lim m 

= P* {c. e 17* : (g*)^(A'*--'^(..)) = lim m({B')T- - {B^, 
This together with (I6.142p yields that 

1 = Pq* e f7* : (g*)^(A'*'^'^(a;)) = and Af,(w) E E>>° for a.e. s E , (6.146) 

where we used the fact that /is E Uq, ds x dPQ— a.s. Since for each F e S;^° there exists a unique element in S^*^ 
such that <^ . = r (sec e.g. Theorem VI.9 of [55]), (|6.146l) leads to (I6.144p . 

Now, let Z G H^'[°';^ ([i, T], R'', pt'^^^") for some p € [1, cx)). We have seen from the proof of Proposition 15 .31 that 
the process M| = B\ — b{r,x + Bl)dr, s E [t,T] is a continuous martingale with respect to (F',P*'^'^). It is 
thus a continuous martingale with respect to ^F^*'"" '' , P*-^"'^) by Lemma [TT51 fl). Then we know (see e.g. Problem 
3.2.27 of [27]) that there exists a sequence of R'^— valued, F^*'''^— simple processes |*i'" = X]i=i Ij^g^jn („ jj, ■^G 

[t,T]\ (where t = r/<---<t"i=r and ereJ't?''"'''' for i = 1,- • •, such that 



= 0, 



and pt,x,fi_ Yiui sup 
"-*-°°se[t,T] 



1=1 



Define a martingale with respect to {F\P*^): T* = ///i^dP*, s e [i,T]. We can deduce from (|6.147p . (HU), 
and (|6.144l) that 



ZJql) ^dMl 



(6.147) 
(6.148) 



= P*-^^- Jim ^ (($^)^ - {qir'zj) d{B')r- ZMY 

= Po*-„l™^ r (($:(A'*'-'''))'^ - ((g*)-izJ)(A-*^-^'')) aliX'^^^n ($:(A'*'-'^) - (Z,(g*)-i) (A"*'-'^)) 



Pn*- lim 



(($^(A'*'"'''))^ _ ^;izJ(A'*'"'^)) d(T*)f« ($;'(A'*^"^^) - Zs(A'*^"'^)/i;i) 



ds 
(6.149) 



Also, (I6T48)) . ((6l40|) and (l5J3l) yield that 



= p*,^,A'_ lim sup 



i=l 



t,s] 



ZrdW^ 



= Po— lim sup 

■^^^ s(i[t,T\ 

= Po— lim sup 

■^^^ s(i[t,T\ 



= Pq — lim sup 



^^„(^M,M)(T* T*^^„)_ f r ZrdW, 

7-[ + \J[tA 



p'-M(A'*^-.A') 



(6.150) 
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For i = 1, - ■ ■ ,£n, since ^" G we see from Lemma that (A"*^^'^) e F^^. Thus, <I)"(A'*'^''') is also 

an F*— simple process. Proposition 3.2.26 of [37] and (|6.149p then imply that 



Pq — hm sup 



which together with (|6.150p shows that Pq— a.s. 



4=1 



= 0, 



J\f,s] J Jt Jt 



Proof of Proposition Let {t,x) G [0,T] x R'' and fi G i/*. For any s G [i,T], since W^f G J'f''"'" , one 
can easily deduce that 



As to the inverse inclusion, (|6.145p implies that — H^.-'^''^'^ (A"*'^'^) holds except on a Pq— null set Ao- Given 
r€[t,s] and £'G^(M''), one has 

{Biy\£) = {Luen' : Bliuj) e£} = {ujen' : W/^''^" G £} AAfg 

with Afs = {{uj G : B*(cj) e£}A{uen' : VK/"'"" G £}) C AAq. To wit, 

{Bl.y\£) G A* = {a C 1^* : A = ((A-*^"^'')"'!^)) AAA for some I G Sf "'"' and G ^^«}. 

Clearly, : A G e^f*''''''| is a a-field of 17*. Similar to Problem 2.7.3 of [37], one can show that A* 

forms a ct— field of Q,K It follows that C A*. As o/f ^« C A*, we further have J"* C A*. 

Now, for any A G ^, we know from Lemma 15.41 that G C A*. Hence, there exists 

1g ef*'"'" C JF^^*'"'^ and TVg such that (A*'^'^)-i(^) = (A*'^'^)-i (I) A A", which leads to that 

A'= (A*'^^^)-i(yl) A(A'*'^''^)-i(I) = (A*^^^^)-i(ylAl). 

Then ((5J31) shows that P*'^'^(^ A1) = Po*(A') = 0, namely, ^AI G It follows that A = IA (A AI) G 

5^^'^thus j-f'^" . □ 

Proof of Proposition[53J Let us simply denote (^y^^.-P*'"'^ (t, /iCB^'')) , Z*'^^-^*''''' (T, hiB^)), JC'-'^-P''^'" (T, /i(P^'^)) , 
/C ' {T,h{Byyj \ by (3^,Z,/C, /C). Lemma iMl and Lemma 1631 shows that 

And we can deduce from ()5.13p . Lemma [6.71 that (^^, .2°,^, J^) satisfies 

_ i-T _ 

^t-,M < < ^ g g [i^r]^ and - = {hf''' - m)dJfs = 

on the probability space (l2*, J"^, Pq) . Since this doubly Reflected BSDE admits a unique solution in G|^([f,T]) 
according to Section [31 we have 



□ 
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